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 Hujrglflw| dqg Foxvwhulqj lq Rslqlrq Irupdwlrq￿ | 1
Dqwrqhood Ldqqlh
Xqlyhuvlw| ri Vrxwkdpswrq +X1N1,/
Xqlyhuvlw| ri Shqqv|oydqld +X1V1D1,
Ydohqwlqd Fruudgl
Xqlyhuvlw| ri Shqqv|oydqld +X1V1D1,
Dsulo/ 5:/ 4<<;
Devwudfw
Zh vwxg| d vlpsoh prgho ri suh0hohfwrudo rslqlrq irupdwlrq wkdw srvlwv wkdw
lqwhudfwlrq ehwzhhq qhljkerxulqj yrwhuv ohdgv wr edqgzdjrqv lq wkh g|qdplfv
ri wkh lqglylgxdo surfhvv/ dv zhoo dv lq wkdw ri wkh djjuhjdwh surfhvv1 Zh vkrz
wkdw lq gl￿huhqw vshfl￿fdwlrqv ri wkh prgho/ wkhuh lv d whqghqf| iru wkh surfhvv
wr vkrz frqvhqvxv/ l1h1 wr dssurdfk d frq￿jxudwlrq ri krprjhqhrxv vxssruw
iru rqh fdqglgdwh/ rxw ri wkh wzr zkr uxq wkh hohfwrudo fdpsdljq1 Zh srlqw
rxw wkdw wkh surfhvv glvsod|v wkh ihdwxuh wkdw/ diwhu orqj wlph vsdqv/ d vhtxhqfh
ri vwdwhv rffxu zklfk/ zkhq ylhzhg orfdoo|/ uhpdlq doprvw vwdwlrqdu| dqg duh
fkdudfwhul}hg e| odujh foxvwhuv ri lqglylgxdov ri wkh vdph rslqlrq1
WMHO= G:5/ G;5/ F771 Nh|zrugv= Hujrglflw|/ Foxvwhulqj/ Orfdo lqwhudfwlrq/ Yrwhu prgho1
_Zh kdyh ehqh￿whg iurp iuxlwixo frpphqwv iurp O1 Dqghuolql/ G1 Fdvv/ V1 Frdwh/ Q1 Shuvlfr/ P1R1
Udyq/ O1 Vdpxhovrq/ dqg doo vhplqdu sduwlflsdqwv dw wkh Xqlyhuvlw| ri Shqqv|oydqld1 Wkh ￿uvw dxwkru
zlvkhv wr wkdqn wkh Xqlyhuvlw| ri Vrxwkdpswrq iru judqwlqj d uhvhdufk ohdyh dqg wkh Xqlyhuvlw| ri
Shqqv|oydqld iru wkh jhqhurxv krvslwdolw|1
hDgguhvv iru Fruuhvsrqghqfh= D1 Ldqql/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Vrxwkdps0
wrq/ Vrxwkdpswrq VR47 5D\/ X1N11 h0pdlov= d1ldqqlCvrwrq1df1xn/ dldqqlChfrq1vdv1xshqq1hgx
4Sxeolf rslqlrq/ li zh zlvk wr vhh lw dv lw lv/ vkrxog
eh uhjdughg dv dq rujdqlf surfhvv/ dqg qrw phuho| dv d
vwdwh ri djuhhphqw derxw vrph txhvwlrq ri wkh gd|1
Frroh| +4<4;, +s1 6:;,
4 Lqwurgxfwlrq
Doprvw d fhqwxu| kdv sdvvhg vlqfh Frroh|*v zrugv dqg wkrxjk vfkroduv/ revhuyhuv dqg
dqdo|vwv gr qrw vhhp wr djuhh dv wr zkdw sxeolf rslqlrq dfwxdoo| lv/ wkhuh vhhpv wr eh d
zlghvsuhdg frqvhqvxv wkdw lw vkrxog eh vwxglhg dv dq ￿lqwhudfwlyh/ pxowlglphqvlrqdo/
frqwlqxrxvo| fkdqjlqj skhqrphqrq zkrvh glyhuvh dvshfwv irup fdxvdoo| lqwhuuhodwhg
sdwwhuqlqjv￿ +Fuhvsl +4<<:,/ s1 l{￿,1 Wzr sduwlfxodu dvshfwv duh riwhq hpskdvl}hg lq
wkh vrflrorjlfdo olwhudwxuh1 Wkh ￿uvw lv wkh idfw wkdw lqglylgxdov idfhg zlwk gl￿huhqw
fkrlfhv dv wr zkrp 0 ru zkdw 0 wr vxssruw vkrz d whqghqf| wr eh lq xhqfhg e| wkh
rslqlrq ri vrph froohfwlyh pdmrulw| +pxwxdo dzduhqhvv/ dv gh￿qhg lq Fuhvsl +4<<:,,1
Wkh vhfrqg lv wkdw hqylurqphqwdo frqglwlrqv wkdw duh vshfl￿f wr hdfk djhqw vhhp
wr pdwwhu lq ghwhuplqlqj wkh rxwfrph ri lqglylgxdo fkrlfhv +vlwxdwlrqdo fruuhodwhv ri
rslqlrq/ dv lq Fuhvsl +4<<:,,1 Wkhvh ihdwxuhv ri wkh sxeolf rslqlrq surfhvv vhhp wr
eh zhoo grfxphqwhg lq whupv ri h{shulphqwdo dqg hpslulfdo hylghqfh1
Lvvxhv uhodwhg wr wkh surfhvv ri sxeolf rslqlrq irupdwlrq duh qrw wdqjhqwldo wr
hfrqrplf wkhru|1 Sxeolf rslqlrq sod|v d nh| uroh lq vkdslqj dqlpdo vslulwv/ h{shf0
wdwlrqv/ yrwlqj ghflvlrqv/ sdwwhuqv ri frqvxphu dqg surgxfhu ehkdylrxu/ dv zhoo dv
g|qdplfv ri dgrswlrqv ri gl￿huhqw whfkqrorjlhv dqg lqqrydwlrq1 Lq d qxwvkhoo/ dv frp0
prq vhqvh kdv lw/ sxeolf rslqlrq pd| dqg grhv d￿hfw gdlo| olih/ dv zhoo dv exvlqhvv
f|fohv1 Lqghhg d uhohydqw erg| ri prghuq hfrqrplf wkhru|/ lq sduwlfxodu lq wkh ￿hog
ri Ilqdqfh +Edqhumhh +4<<5,/ Elunkdqgdql/ Kluvkohlihu dqg Zhofk +4<<5,/ Ohh +4<<6,/
Ghyhqrz dqg Zhofk +4<<9, dprqj rwkhuv, dqg Lqgxvwuldo Rujdql}dwlrq +Iduuho dqg
Vdorqhu +4<;8,/ Ndw} dqg Vkdslur +4<;8,/ Ndqgrul dqg Ure +4<<;, dprqj rwkhuv,/
kdv riwhq ghdow zlwk lvvxhv dulvlqj iurp qhwzrun h{whuqdolwlhv dqg edqg0zdjrq h￿hfwv/
zkhuh wkh irupdol}dwlrqv h{solflwo| srvwxodwh d ghshqghqfh ri wkh ohyho ri xwlolw| ru ri
sur￿w ri d vlqjoh lqglylgxdo rq wkh sursruwlrq ri rwkhu lqglylgxdov zkr wklqn dqg dfw
lq dq dqdorj idvklrq1 Iurp wkh srlqw ri ylhz ri sxuh wkhru| d juhdw ghdo ri dwwhqwlrq
5kdv ehhq ghyrwhg wr wkh dqdo|vlv ri vlpsoh prghov wkdw dgplw pxowlsoh htxloleuld dqg
lq sduwlfxodu frruglqdwlrq jdphv/ zkhuh wkh xqghuo|lqj lqfhqwlyh vwuxfwxuh vxssruwv
khuglqj dv htxloleulxp ehkdylrxu +Yhjd0Uhgrqgr +4<<8, dqg wkhuhlq uhihuhqfhv,1
Wklv sdshu irupdol}hv dqg vwxglhv d vlpsoh surfhvv ri sulydwh dqg sxeolf rslqlrq
irupdwlrq1 Wkh pdlq dlp lv wr dffrxqw iru dq lqglylgxdo surfhvv e| zklfk hdfk
djhqw irupv dq rslqlrq/ dv zhoo dv dq djjuhjdwh surfhvv wkdw vkdshv +dqg lq pdq|
uhvshfwv gh￿qhv, sxeolf rslqlrq lq lwv froohfwlyh glphqvlrq1 Dv d phwdskru wkdw khosv
xv ghvfulelqj wkhvh surfhvvhv/ zh wklqn ri d prgho ri suh0hohfwrudo rslqlrq irupdwlrq/
zkhuh lqglylgxdov uhshdwhgo| irup wkhlu rzq rslqlrqdv wr zklfk/ rxw ri wzr/ fdqglgdwh
wr yrwh iru/ dw wkh wlph zkhq hohfwlrqv frph1
Dv wkhuh duh yhu| pdq| yrwhuv lq wkh srsxodwlrq/ yrwlqj ghflvlrqv duh doprvw e|
gh￿qlwlrq ghsulyhg ri dq| vwudwhjlf hohphqw dqg hdfk yrwhu vhhv wkh ixwxuh hohfwrudo
rxwfrph dv dq xqnqrzq vwdwh ri wkh zruog1 Qhyhuwkhohvv/ lq rughu wr dffrxqw iru dq
h{solflwo| lqwhudfwlyh hohphqw/ zh srvwxodwh wkdw suhihuhqfh duh vxfk wkdw hdfk yrwhu
kdv dq lqfhqwlyh wr frqirup wr zkdw +v,kh shufhlyhv wr eh wkh zlqqlqj vlgh ri wkh
hohfwlrqv1 Wkh prwlydwlrq zh kdyh lq plqg lv lq whupv ri edqg0zdjrq h￿hfw +yrwhuv
idyrxu wkh sduw| wkdw lv grlqj zhoo lq wkh sroov,/ ru surmhfwlrq h￿hfw +yrwhuv whqg
wr surmhfw wkhlu lqwhqghg yrwh rqwr wkhlu hohfwlrq rxwfrph h{shfwdwlrqv,1 Vlqfh wkh
wkhruhwlfdo vwxglhv ri Vlprq +4<87, dqg Edxpro +4<8:,/ hpslulfdo zrun fduulhg rxw lq
wkh XN dqg lq wkh XVD vhhpv wr surylgh hylghqfh iru wkhvh k|srwkhvlv +vhh PfDolvwhu
dqg Vwxgodu +4<<4,/ ]xfnhupdq D1V1/ Ydohqwlqr dqg ]xfnhupdq H1Z1 +4<<7, dqg
wkhuhlq uhihuhqfhv,1
Zh irupdoo| wklqn lq whupv ri d vlgh0sd|phqw wkdw hdfk yrwhu zloo uhfhlyh li +v,kh
yrwhv iru wkh fdqglgdwh zkr zlqv wkh hohfwlrqv1 Wklv udlvhv dq lqfhqwlyh iru dq lq0
glylgxdo wr jdwkhu vrph lqirupdwlrq rq wkh fxuuhqw vwdwh ri sxeolf rslqlrq/ dv wklv
zrxog ghwhuplqh/ wkurxjk d vlpsoh pdmrulw| yrwlqj/ wkh hohfwrudo rxwfrph1 Wr fds0
wxuh wkh idfw wkdw fkrlfhv duh riwhq ghwhuplqhg e| wkh ihdwxuhv ri wkh hqylurqphqw
zkhuh lqwhudfwlrq wdnhv sodfh/ zh srvwxodwh wkdw hdfk yrwhu fdq rqo| revhuyh wkh rslq0
lrqv dgrswhg zlwklq wkh vpdoo vxevhw ri khu ru klv qhljkerxuv/ froohdjxhv/ iulhqgv ru
uhodwlyhv/ dqg iru prgholqj sxusrvhv zh hqgrz hdfk yrwhu zlwk d vshfl￿f orfdwlrq rq
dq dssursuldwho| fkdudfwhul}hg wrsrorjlfdo vwuxfwxuh1 Prghov ri lqwhudfwlyh ehkdylrxu
zlwk d orfdo frqqrwdwlrq kdyh ehhq h{whqvlyho| dqdo|}hg lq wkh prghuq olwhudwxuh rq
6ohduqlqj dqg hyroxwlrq +Eoxph +4<<6,/ Hoolvrq +4<<6, dqg +4<<8,/ Dqghuolql dqg Ldqql
+4<<9,/ Pruulv +4<<:d, dqg +4<<:e,/ Hvkho/ Vdpxhovrq dqg Vkdnhg +4<<;, dqg Ldqql
+4<<;, dprqj rwkhuv,1 Zh vhh wklv surfhvv ri orfdo lqwhudfwlrq dv ehlqj d plqru frp0
srqhqw ri hdfk yrwhu*v gdlo| olih> dv vxfk lw wdnhv sodfh uhshdwhgo| ryhu wlph dqg lw
pd| ohdg wr gl￿huhqw ghflvlrqv1
Zh uhihu wr wkh surfhvv ri sxeolf rslqlrq irupdwlrq dv wr wkh g|qdplf surfhvv
jhqhudwhg e| wkh djjuhjdwh ri doo wkh lqglylgxdo ghflvlrqv/ dqg zh surylgh d vwrfkdvwlf
irupxodwlrq1 Zh duh lqwhuhvwhg lq dqdo|}lqj wkh surshuwlhv ri wkh wlph hyroxwlrq ri
wklv surfhvv1 Lq sduwlfxodu/ zh dgguhvv wzr frpsohphqwdu| lvvxhv1 Wkh ￿uvw uhodwhv
wr wkh dv|pswrwlf surshuwlhv ri wkh g|qdplfv1 Zh dvn zkdw lv olnho| wr kdsshq
diwhu pdq| wlph shulrgv kdyh hodsvhg/ dqg zkhwkhu zh duh deoh wr surylgh xqltxh
suhglfwlrqv dv wr wkh olplw rxwfrph ri wkh surfhvv ri sxeolf rslqlrq irupdwlrq1 Wkh
vhfrqg irfxvhv rq wkh ehkdylrxu ri wkh surfhvv dorqj wkh g|qdplfv dqg uholhv rq wkh
h{solflw fkdudfwhul}dwlrq ri wkh surfhvv ri foxvwhu irupdwlrq1
Zh eholhyh wkdw wkh dqdo|vlv ri wkh udwh dw zklfk orfdo duhdv ri frqvhqvxv jurz ryhu
wlph lv lpsruwdqw lq rughu wr xqghuvwdqg wkh g|qdplfv ri wkh surfhvv wrzdugv lwv orqj
uxq ehkdylrxu1 Wklv ihdwxuh lv qrw shfxoldu wr wklv prgho/ exw udwkhu lw lv d frpprq
ihdwxuh ri pdq| hfrqrplf vhwwlqjv zkhuh pxowlsoh htxloleuld pd| dulvh1 Lqghhg/ lw lv
d vw|ol}hg idfw wkdw vhyhudo hfrqrplf dqg vrfldo yduldeohv vkrz d kljk ghjuhh ri orfdo
krprjhqhlw| dqg shuvlvwhqw furvv0vhfwlrqdo yduldqfh/ wkdw lv rqo| sduwo| h{sodlqhg
e| ixqgdphqwdo gl￿huhqfhv lq hfrqrplf frqglwlrqv1 Wklv lv wkh fdvh/ iru h{dpsoh/ iru
fulph +zkhuh zkdw lv sx}}olqj lv qrw wkh ryhudoo ohyho ri fulplqdo dfwlylw|/ exw udwkhu lwv
kljk yduldqfh dfurvv wlph dqg vsdfh,/ ru wkh shuvlvwhqfh ri lqfrph lqhtxdolwlhv +jkhwwr
irupdwlrq dqg sryhuw| wudsv,/ ru wkh fr0h{lvwhqfh ri gl￿huhqw/ pd|eh ulydo/ whfkqltxhv
zlwklq dq lqgxvwu| ri lghqwlfdo ￿upv +zkhuh vwdqgdug hfrqrplf wkhru| zrxog ylhz
wkh dgrswlrq ri qhz whfkqrorjlhv dv hvvhqwldoo| prqrwrqlf,/ ru skhqrphqd ri sulfh
glvshuvlrq dqg wd{ glvshuvlrq +hyhq lq wkh devhqfh ri khwhurjhqhlwlhv dprqj djhqwv,1
Odvw/ exw qrw ohdvw/ d txlfn jodqfh dw wkh glvwulexwlrq ri yrwhv ryhu jhrjudsklfdo
duhdv vkrz odujh duhdv ri frqvhqvxv/ fhuwdlqo| lq wkh XN/ lq wkh XVD dqg lq pdq|
rwkhu Hxurshdq frxqwulhv1 Wkh phwkrgrorj| zh xvh doorzv wr fkdudfwhul}h vlwxdwlrqv
zkhuh gl￿huhqw rslqlrqv fr0h{lvw lq wkh srsxodwlrq lq whupv ri foxvwhuv wkdw duh doprvw
vwdwlrqdu|/ l1h1 wkdw ydu| yhu| vorzo| ryhu wlph1 Khqfh/ dowkrxjk wkhvh frq￿jxudwlrqv
7fdqqrw eh revhuyhg lq dq| vwhdg| vwdwh ri wkh surfhvv zh vwxg|/ vwloo wkh| fdq eh d
shuvlvwhqw ihdwxuh ri wkh g|qdplfv dorqj lwv hyroxwlrq21
Dowkrxjk wkh dlp ri wkh sdshu dqg wkh txhvwlrqv zh dgguhvv duh gl￿huhqw/ wklv
sdshu dovr frqwulexwhv wr wkh uhfhqw olwhudwxuh rq ohduqlqj dqg hyroxwlrq lq lqwhudf0
wlyh vhwwlqjv lq wzr uhvshfwv1 Iluvw/ wkh vshfl￿fdwlrq ri wkh surfhvv ri sulydwh rslqlrq
irupdwlrq zh prgho +edvhg rq Ed|hvldq xsgdwlqj/ jlyhq d vdpsoh ri revhuydwlrqv,
surgxfhv d g|qdplfv hqwluho| dqdorj wr wkh vshfl￿fdwlrq ri qrlv| ehvw0uhso| g|qdplfv
xvhg iru h{dpsoh lq Eoxph +4<<6,/ PfNhoyh| dqg Sdoiuh| +4<<8, dqg Ldqql +4<<;,1
Wklv sdshu ghsduwv iurp wkrvh vshfl￿fdwlrqv lq wkdw zh gr qrw srvwxodwh dq| plvwdnh
rq wkh sduw ri lqglylgxdov/ dv wkh suredelolvwlf frpsrqhqw wkdw gulyhv wkh g|qdplfv
vwhpv hqwluho| iurp wkh idfw wkdw wkh lqirupdwlrq dydlodeoh dw wkh wlph zkhq fkrlfhv
duh wr eh pdgh lv olplwhg1 Vhfrqg/ wkh djjuhjdwh g|qdplfv zh vwxg| frxog eh dssolhg
wr dq h{solflwo| lqwhudfwlyh vhwwlqj/ zkhuh udqgrpo| gudzq frxsohv ri sod|huv uhshdw0
hgo| sod| d rqh0vkrw +50e|05, frruglqdwlrq jdph1 Li wklv olqh zhuh wr eh sxuvxhg/
wkh uhvxowv zh rewdlq khuh +qdpho| Wkhruhp 5 dqg Wkhruhp 6, zrxog frpsohphqw
zkdw lv douhdg| nqrzq lq wkh olwhudwxuh dv wr wkh dv|pswrwlf surshuwlhv ri p|rslf
ehvw0uhso| g|qdplfv/ zlwk pruh lqirupdwlrq dv wr wkh wlph hyroxwlrq ri wkh surfhvv
wrzdugv lwv vwhdg| vwdwhv1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh ghwdlov ri wkh surfhvv ri
sulydwh dqg sxeolf rslqlrq irupdwlrq1 Wkh lqglylgxdo surfhvv lv irupdol}hg lq whupv
ri dq hvwlpdwh ri wkh fxuuhqw sxeolf rslqlrq/ rq wkh edvlv ri zklfk d yrwhu irupv khu
ru klv sulydwh rslqlrq1 Wkh froohfwlyh surfhvv uholhv rq wzr pdlq hohphqwv1 Iluvw/ lw lv
dvvxphg wkdw rslqlrqv duh iruphg uhshdwhgo| ryhu wlph lq d vhtxhqwldo pdqqhu +zkhuh
rqo| rqh yrwhu dw d wlph fdq uhylvh ru irupxodwh dq rslqlrq,1 Vhfrqg/ dv revhuydwlrqv
frqvlvwv ri rwkhu yrwhuv* rslqlrqv/ wkh glvwulexwlrq iurp zklfk revhuydwlrqv duh gudzq
dw udqgrp lv hqgrjhqhl}hg lq whupv ri d vlpsoh vwdwlvwlf ri wkh yrwhu*v qhljkerxukrrg1
Vhfwlrq 6 dqdo|vhv wkh surshuwlhv ri wkh g|qdplf surfhvv ri sxeolf rslqlrq irupdwlrq1
Dv dqwlflsdwhg/ wkh vwxg| uholhv rq wkh fkdudfwhul}dwlrq ri wkh orqj0uxq surshuwlhv ri
wkh g|qdplfv/ dv zhoo dv wkdw ri lwv vkruw0whup +ru ￿qlwh wlph, ihdwxuhv1 Wkh uhvxowv
vkrz wkdw wkhvh wzr dvshfwv duh frpsohphqwdu| dqg surylgh d ehwwhu xqghuvwdqglqj
ri wkh surfhvv lwvhoi1 Dowkrxjk ghflvlrqv duh kljko| ghfhqwudol}hg/ dv wkh prghoohg
lqfhqwlyh vwuxfwxuh lv vxfk wkdw hdfk yrwhu kdv dq lqfhqwlyh wr frqirup wr zkdw +v,kh
8shufhlyhv dv ehlqj wkh fxuuhqw froohfwlyh rslqlrq/ wkh djjuhjdwh surfhvv glvsod|v dq
dqdorj ihdwxuh1 E| sxuvxlqj d vsdfh0wlph dqdo|vlv +l1h1 e| uhodwlqj wkh wzr glphq0
vlrqv/ wlph dqg vsdfh/ ryhu zklfk rxu surfhvv lv gh￿qhg, zh vwxg| wkh surfhvv ri
foxvwhu irupdwlrq1 Lq Vhfwlrq 7 zh surylgh vrph khxulvwlf frqvlghudwlrqv dv wr wkh
lpsolfdwlrqv wkdw wkhvh ￿qglqjv zrxog kdyh zlwklq d pruh jhqhudo prgho wkdw doorzv
iru vwudwhjlf ehkdylrxu rq wkh sduw ri wkh wzr fdqglgdwhv1 Ilqdoo| Vhfwlrq 8 frqfoxghv
dqg wkh Dsshqgl{ frqwdlqv wkh whfkqlfdo surriv/ dv zhoo dv d Uhpdun rq wkh vshfl￿f
fkdudfwhul}dwlrq zh xvh1
5 Wkh prgho
Wkh prgho irupdol}hv lq d vlpsoh zd| wkh surfhvv ri suh0hohfwrudo sxeolf rslqlrq
irupdwlrq1 Hohfwlrqv duh jrlqj wr eh khog dw d ixwxuh gdwh1 Wzr fdqglgdwhv/ D dqg
E/ uxq wkh hohfwlrqv dqg wkh zlqqhu zloo eh ghflghg wkurxjk vlpsoh pdmrulw| yrwlqj1
Wr irfxv wkh prgho rq wkh ehkdylrxu ri wkh sxeolf/ zh glvuhjdug frpsohwho| dq|
vwudwhjlf hohphqw rq wkh sduw ri wkh fdqglgdwhv1 Iru wkh sxusrvhv ri rxu dqdo|vlv/
hdfk ri wkhp kdv vrph zhoo gh￿qhg hohfwrudo sodq/ wkh lpsohphqwdwlrq ri zklfk zloo
d￿hfw hdfk yrwhu*v xwlolw|/ diwhu wkh hohfwlrqv duh uxq dqg wkh zlqqhu lv ghflghg1
Lq wkh prgho wkhuh duh frxqwdeo| pdq| lghqwlfdo yrwhuv￿ wkdw irupxodwh wkhlu
rslqlrq dv wr zklfk fdqglgdwh wr vxssruw zkhq wkh hohfwlrqv zloo eh khog1 Yrwhuv
ehkdyh lq dq lghqwlfdo pdqqhu/ wkrxjk/ dv zh vkdoo vhh/ dv|pphwulhv pljkw dulvh gxh
wr gl￿huhqfhv lq wkh lqirupdwlrq wkh| srvvhvv1 Wkh qh{w wzr vhvvlrqv ghvfuleh wkh
surfhvv ri rslqlrq irupdwlrq rq wkh sduw ri d vlqjoh yrwhu dqg wkh surfhvv ri sxeolf
rslqlrq irupdwlrq uhvshfwlyho|1
514 Sulydwh Rslqlrq Irupdwlrq
Dv wkhuh duh pdq| yrwhuv lq wkh srsxodwlrq/ yrwlqj ghflvlrqv rq wkh sduw ri hdfk
vlqjoh yrwhu duh doprvw e| gh￿qlwlrq ghsulyhg ri dq| vwudwhjlf frqwhqw1 Rqo| wkh
slyrwdo yrwhu zloo hyhqwxdoo| ghwhuplqh wkh rxwfrph ri wkh hohfwlrqv dqg/ iru hdfk
yrwhu/ wkh suredelolw| ri ehlqj slyrwdo lv qhjoljleohe1 Khqfh/ xqghujudgxdwh plfurh0
frqrplfv wh{werrn zlvgrp kdv lw/ d udwlrqdo yrwhu grhv qrw h{lvwD1 Wkh prgho zh
irupdol}h wdnhv lqwr dffrxqw wkh idfw wkdw hdfk yrwhu fdqqrw pdujlqdoo| ghwhuplqh wkh
9hohfwrudo rxwfrph/ exw vwloo dffrxqwv iru vshfl￿f suhihuhqfhv ryhu wkh wzr fdqglgdwhv1
Lq sduwlfxodu/ zh vkdoo wklqn ri hdfk srvvleoh hohfwrudo rxwfrph dv dq xqnqrzq vwdwh
ri qdwxuh iru wkh vlqjoh yrwhu1 Suhihuhqfhv/ irupdol}hg e| d xwlolw| ixqfwlrq/ ghshqg
rq wkh vwdwh ri qdwxuh/ dqg h{shfwhg xwlolw| frqvlghudwlrqv ghwhuplqh wkh surfhvv ri
rslqlrq irupdwlrq/ dqg xowlpdwho|/ wkh rxwfrph ri wkh hohfwlrqv1
Zh duh jrlqj wr ghvfuleh wkh zd| lq zklfk/ jlyhq fxuuhqw sxeolf rslqlrq/ d yrwhu
irupxodwhv klv ru khu rzq1 Iru wkh yrwhu/ wkh rxwfrph ri wklv surfhvv zloo eh dq
rslqlrq/ d ru e/ zklfk zrxog fruuhvsrqg wr d yrwh +iru D ru iru E uhvshfwlyho|, li
hohfwlrqv zhuh wr eh khog dw wkh vdph srlqw lq wlph1 Yrwhuv pd| eh irujhwixo dqg jr
wkurxjk wklv surfhvv uhshdwhgo| lq wkhlu hohfwrudo olih1
Lqjuhglhqwv ri wklv surfhvv duh= wzr h{rjhqrxv vwdwhv ri qdwxuh/ odehoohg D dqg E
fruuhvsrqglqj wr wkh hyhqw ￿fdqglgdwh D zlqv wkh hohfwlrqv￿ dqg ￿fdqglgdwh E zlqv
wkh hohfwlrqv￿/ dqg d xwlolw| ixqfwlrq wkdw ghshqgv rq wkh rxwfrph ri wkh hohfwlrq dqg
rq wkh yrwh fkrvhq1 Wkh lghd zh zdqw wr sxuvxh lv wkdw/ dowkrxjk wkh rxwfrph ri wkh
hohfwlrqv lv h{rjhqrxv wr wkh yrwhu/ xwlolw| ghshqgv rq wkh yrwh lwvhoi1 Wkh vlpsohvw
zd| wr irupdol}h wklv lv wr wklqn lq whupv ri d vlgh sd|phqwv/ ghqrwhg e| %￿ A 3 dqg
%￿ A 3/ wkdw d yrwhu jhwv li +v,kh kdv yrwhg iru fdqglgdwh D ru E uhvshfwlyho| dqg li
wkdw fdqglgdwh zlqv wkh hohfwlrqv1 Zh ixuwkhu srvwxodwh wkdw wkh xwlolw| ixqfwlrq lv
txdvl0olqhdu lq wklv odwwhu dujxphqw=
D zlqv E zlqv
yrwh d X+D, . %￿ X+E,
yrwh e X+D, X+E,. %￿
Jlyhq dq| suredelolw| glvwulexwlrq/ S/ ryhu wkh vwdwh vsdfh iD zlqv>E zlqvj> lw
lv hdv| wr qrwlfh wkdw H￿X+d, AH ￿X+e, li Su+D zlqv, A% ￿+%￿ . %￿,3￿ ￿ %1 Dv/ lq
rughu wr zlq wkh hohfwlrqv/ fdqglgdwh D pxvw kdyh wkh vxssruw ri dw ohdvw kdoi ri wkh
srsxodwlrq/ li zh ohw ￿￿ 5 ^3>4‘ ghqrwh wkh iudfwlrq ri wkh hohfwrudwh zkr lv fxuuhqwo|
vxssruwlqj fdqglgdwh D/ wkh deryh lqhtxdolw| fdq eh uhvwdwhg dv Su+￿￿ A 4@5, A% 1
Li/ zkhqhyhu iruplqj dq rslqlrq/ wkh yrwhu nqhz zkdw zdv wkh fxuuhqw sxeolf
rslqlrq +l1h1 li +v,kh nqhz h{dfwo| ￿￿,/ wkhq +v,kh zrxog irup dq rslqlrq frqvlvwhqwo|
zlwk wkh deryh lqhtxdolw|1 Krzhyhu/ zh dvvxph wkdw wklv lqirupdwlrq lv qrw uhdglo|
dydlodeoh/ dqg wkh qhhg iru vrph lqihuhqfh rq wkh sduw ri wkh yrwhu dulvhv1 Zh irupdol}h
wklv surfhvv ri lqihuhqfh dv iroorzv1
:Zh dvvxph wkh yrwhu kdv  dw sulruv ryhu ￿￿ 5 ^3>4‘ zklfk lv wkh iudfwlrq ri
yrwhuv lq wkh srsxodwlrq zkr fxuuhqwo| vxssruw fdqglgdwh D/ dqg xsgdwhv wklv sulruv
diwhu kdylqj revhuyhg d vdpsoh ri revhuydwlrqv1 Zh wdnh sulruv wr eh jlyhq e| d
Ehwd glvwulexwlrq zlwk htxdo sdudphwhuv/ Eh+4>4,1 Hdfk revhuydwlrq frqvlvwv ri d
udqgrpo| fkrvhq rwkhu yrwhu lq wkh srsxodwlrq/ wkh rslqlrq ri zkrp lv revhuyhg1
Hdfk revhuydwlrq frphv iurp d Elqrpldo glvwulexwlrq/ El+s,/ zkhuh 3 ￿ s ￿ 4 lv wkh
sdudphwhu dqg doo revhuydwlrqv duh l1l1g11 Zh ghqrwh wkh ghqvlw| ri wkh suredelolw|
glvwulexwlrq wkdw jhqhudwhv revhuydwlrqv e| i￿￿+u m q>s, zkhuh u lv wkh qxpehu ri
rslqlrqv d lq d vdpsoh ri q revhuydwlrqv1
Li d yrwhu kdv revhuyhg d vdpsoh ri u rslqlrqv d lq d vdpsoh ri q revhuydwlrqv/
wkhq +v,kh xsgdwhv khu sulru Eh+4>4, wr wkh srvwhulru Eh+4.u>4.q￿ub ,/ zlwk ghqvlw|
i￿e+} m 4.u> 4.q ￿ u, dqg phdq +4.u,+q .5 ,3￿1 Jlyhq wklv srvwhulru/ wkh yrwhu
zrxog fkrrvh rslqlrq d li wkh Sus￿e^}A4@5 m u> q‘ A% >rslqlrq e rwkhuzlvh1 Dv
revhuydwlrqv frph iurp wkh deryh glvwulexwlrq/ zlwk sdudphwhu s/ zh fdq fdofxodwh
wkh suredelolw| ri wkh yrwhu fkrrvlqj rslqlrq d/ jlyhq q revhuydwlrqv dv=
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zkhuh 4+i￿j, lv dq lqglfdwru ixqfwlrq wkdw wdnhv ydoxh ri rqh zkhqhyhu i￿j lv wuxh1
Wklv txdqwlw| ghshqgv lq d qrq wulyldo zd| rq q +wkh qxpehu ri revhuydwlrqv,/ rq
s +wkh sdudphwhu wkdw ghwhuplqhv wkh suredelolw| ri revhuylqj dq d,d q gr q% +wkh
wkuhvkrog ydoxh gh￿qhg e| wkh yrwhu*v suhihuhqfhv,1
Lq wkh Vhfwlrqv wkdw iroorz zh vkdoo irupdol}h d g|qdplf surfhvv ri sxeolf rslqlrq
irupdwlrq zkhuh lq￿qlwho| pdq| yrwhuv uhshdwhgo| irup wkhlu rslqlrq/ lq wkh zd|
zh vhw rxw lq wklv Vhfwlrq/ lq d vhwwlqj zkhuh lqirupdwlrq lv kljko| ghfhqwudol}hg1
Wklv zloo qdwxudoo| lqwurgxfh d vshfl￿f irup ri dv|pphwu| dprqj yrwhuv= dowkrxjk
wkh| duh lghqwlfdo lq whupv ri suhihuhqfhv/ dv zhoo dv lq wkh zd| wkh| jdwkhu dqg
surfhvv lqirupdwlrq/ zkdw zloo ghwhuplqh wkhlu lqirupdwlrq vhw +l1h1 s lq wkh deryh
irupxodwlrq, zloo eh yrwhu vshfl￿f dqg fruuhodwhg dfurvv gl￿huhqw yrwhuv1 Lq rughu wr
dfklhyh wklv dlp/ zh surfhhg dv iroorzv1
Iluvw/ zh wdnh wkh sdudphwhu % wr eh d kdoi1 Wklv sudfwlfdoo| phdqv wkdw wkh vlgh
sd|phqwv d yrwhu zrxog uhfhlyh e| wkh zlqqlqj fdqglgdwh duh lghqwlfdo +wkrxjk wkh
;xwlolw| dfklhydeoh lq hdfk vwdwh ri wkh zruog fdq ri frxuvh eh gl￿huhqw, dqg fuhdwhv dq
lqfhqwlyh iru wkh yrwhu wr irup dq rslqlrq lq idyru ri wkh fdqglgdwh wkdw lv vxssruwhg
e| wkh vlpsoh pdmrulw| ri wkh hohfwrudwhS1 Ixuwkhupruh/ lq rughu wr irfxv rq wzr
sdudphwhuv +lqvwhdg ri wkuhh/ dv lq +4,, zh dvvxph wkdw hdfk yrwhu/ jlyhq d vdpsoh
ri revhuydwlrqv/ gudzv rqh uhdol}dwlrq dw udqgrp iurp wkh suredelolw| glvwulexwlrq
gh￿qhg e| khu xsgdwhg srvwhulru1 Khqfh/ wkh suredelolw| zlwk zklfk +v,kh zloo fkrrvh
rslqlrq d lv jlyhq e| Sus￿e^}A4@5 m u>q‘1 Lq wklv fdvh wkh u1k1v ri +4, fdq eh uh0
zulwwhq dv=
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Lw lv lpsruwdqw wr qrwlfh wkdw/ xqolnh +4,/ +5, irupdol}hv d surfhvv wkdw lv qrw
hqwluho| frqvlvwhqw zlwk h{shfwhg xwlolw| pd{lpl}dwlrq/ lq wkdw wkh ehkdylru ri wkh
yrwhu/ jlyhq d vdpsoh ri revhuydwlrqv/ lv rqo| gh￿qhg suredelolvwlfdoo|1 Wkh prwlydwlrq
zh surylgh iru +5, uholhv rq wkh frqvlghudwlrqv wkdw iroorz1
Qrwh wkdw +5, ghshqgv rq q +qxpehu ri revhuydwlrqv, dqg s +wkh sdudphwhu wkdw
ghwhuplqhv wkh suredelolw| ri revhuylqj dq d,1 Lqrughu wr xqghuvwdqg wkh ehkdylrxu ri
wklv suredelolw|/ zh vwxg| lwv ghshqghqfh iurp hdfk ri wkh wzr dujxphqwv vhsdudwho|1
I r ud￿ { h gq @ q wkh deryh suredelolw| lv d frqwlqxrxv ixqfwlrq ri s 5 +3>4,/
dqg zh ghqrwh lw e| Su^d m q>s‘1 Lw lv qrw gl!fxow wr vkrz wkdw wklv lv lqfuhdvlqj
lq s/ irupdol}lqj wkh idfw wkdw wkh pruh olnho| revhuydwlrqv dv duh/ wkh kljkhu lv wkh
suredelolw| wkdw wkh yrwhu zloo dgrsw rslqlrq d1
Wr vhh wkh zd| lq zklfk wkh deryh suredelolw| fkdqjhv dv wkh qxpehu ri revhu0
ydwlrq lqfuhdvhv/ vxssrvh s zdv dfwxdoo| wkh wuxh sursruwlrq ri D*v vxssruwhuv lq wkh
srsxodwlrq/ l1h1 s @ ￿￿1 Ohw vW+s, ghqrwh wkh suredelolw| zlwk zklfk dq h{shfwhg
xwlolw| pd{lpl}hu yrwhu vkrxog fkrrvh rslqlrq d> l1h1 vW+s, @3iru s?4@5 / vW+s, @4
iru sA4@5 dqg/ frqyhqwlrqdoo|/ vhw vW+s, @4 @5 iru s @4 @51 Wkhq qxphulf frpsx0
wdwlrqv vkrz wkdw/ iru wkh qxpehu ri revhuydwlrqv ehfrplqj yhu| odujh dqg iru hdfk
jlyhq s @ s/ olp?<" Su^d m q>s‘@vW+s,1 Lq rwkhu zrugv/ iru q odujh/ Su^d m q>s‘
lv hvvhqwldoo| ghvfulehg e| vW+s,/ dowkrxjk lw uhpdlqv gl￿huhqwldeoh/ vlqfh rqo| lq wkh
olplw/ iru q $4 / lwv lpdjh lv uhvwulfwhg wr wkh ydoxhv 3>
4
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>41 Krzhyhu/ iru vpdoo
ydoxhv ri q/ wkh suredelolw| zlwk zklfk wkh yrwhu zrxog irupxodwh rslqlrq d fdq eh
<vxevwdqwldoo| gl￿huhqw iurp zkdw +v,kh zrxog gr/ kdg +v,kh shuihfw lqirupdwlrq derxw
wkh djjuhjdwh1 Wklv gl￿huhqfh/ qdpho| m Su^d m q>s‘￿vW+s, m/ lv d eldv gxh wr wkh idfw
wkdw lqirupdwlrq lv olplwhg1
Zh vkdoo eh lqwhuhvwhg lq irupdol}lqj wkh surfhvv ri rslqlrq irupdwlrq iru yhu|
vpdoo ydoxhv ri q1 Lqwxlwlyho|/ li d yrwhu revhuyhv rqo| d ihz revhuydwlrqv dqg gudzv
lqihuhqfh rqwkh djjuhjdwh/ wkdq vxfk lqihuhqfh zloo rqo| eh sduwldoo| fruuhfw1 Dv sulruv
duh xqlqirupdwlyh/ wkh yrwhu*v rslqlrq irupdwlrq surfhvv zloo eh vwurqjo| lq xhqfhg
e| zkdw +v,kh revhuyhv1 Vxfk lq xhqfh lv dfwxdoo| vr vwurqj wr uhvhpeoh sxuh lplwdwlyh
ehkdylrxu/ lq wkh vhqvh wkdw d yrwhu zkr jrhv wkurxjk wkh deryh uhdvrqlqj gh idfwr
ehkdyhv lq d zd| wkdw uhsurgxfhv wkh iuhtxhqflhv wkdw +v,kh revhuyhv1 Vshfl￿fdoo|/ ohw
y+s, @ s iru s 5 ^3>4‘ eh wkh ixqfwlrq wkdw ghvfulehv wkh yhu| vlpsoh ehkdylrxu ri d
yrwhu zkr revhuyhv d udqgrpo| gudzq revhuydwlrq iurp d elqrpldo El+s, dqg lplwdwhv
vxfk revhuydwlrq1 Wkhq iru q ￿ 7 wkh huuru zh lqfxu e| dssur{lpdwlqj Su^d m q>s‘
zlwk y+s, lv erxqghg deryh e| +5,?n￿1 Wkh qh{w slfwxuh sorwv wkh wzr ixqfwlrqv iru
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Xqlqiruphg Yrwhu dqg Olqhdu Yrwhu= Suredelolw| ri fkrrvlqj d/ dv d ixqfwlrq ri s1
Dowkrxjk zh vkdoo qrw pdnh xvh ri wklv dssur{lpdwlrq lq zkdw iroorzv/ zh frqvlghu
lw wr eh dq lqvljkwixo uhodwlrq ehwzhhq sxuho| lplwdwlyh ehkdylrxu rq wkh rqh kdqg dqg
xqlqiruphg ehkdylrxu rq wkh rwkhu1 Wkh deryh frqvlghudwlrqv surylgh wkh prwlydwlrq
iru wkh ehkdylrudo vshfl￿fdwlrqv zh lqwurgxfh khuh dqg wr zklfk zh vkdoo uhihu odwhu1
Gh￿qlwlrq 4 +Xqlqiruphg yrwhu, Jlyhq q +qxpehu ri revhuydwlrqv ehlqj vdp0
sohg, dqg s +sdudphwhu ri wkh elqrpldo glvwulexwlrq iurp zklfk revhuydwlrqv duh
43gudzq, dq xqlqiruphg yrwhu fkrrvhv rslqlrq d zlwk suredelolw|=
Su L^d m q>s‘@
? [
o’f
￿
q
u
￿
so+4￿s,?3o +q .4,$
u$+q￿ u,$
￿ ]
￿*2
}o+4￿},?3og} s 5i 3>
4
q
>
5
q
===>4j
+6,
Gh￿qlwlrq 5 +Olqhdu yrwhu, Jlyhq q +qxpehu ri revhuydwlrqv ehlqj vdpsohg, dqg
s +sdudphwhu ri wkh elqrpldo glvwulexwlrq iurp zklfk revhuydwlrqv duh gudzq, d olqhdu
yrwhu fkrrvhv rslqlrq d zlwk suredelolw|=
Su u^d m q>s‘@ss 5i 3>
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Erwk vshfl￿fdwlrqv lqyroyh d surfhvv ri vdpsolqj ri q rslqlrqv dprqj rwkhu yrwhuv=
lq wkh ￿uvw/ dq rslqlrq lv iruphg e| xsgdwlqj sulruv rq wkh edvlv ri wkh revhuydwlrqv/
lq wkh vhfrqg +d yrwhu kdv qr sulru wr xsgdwh dqg, wkh rslqlrq wkdw lv revhuyhg lv
eolqgo| lplwdwhg1 Ehiruh zh surfhhg/ zh vwuhvv wkdw d nh| gl￿huhqfh ehwzhhq wkh wzr
vshfl￿fdwlrqv lv wkh idfw wkdw iru s @ i3>4j wkh wzr surfhvvhv duh wkh prvw gl￿huhqw=
wkh olqhdu yrwhu fdq rqo| lplwdwh rslqlrqv wkdw duh revhuyhg/ zkloh wkh xqlqiruphg
yrwhu zkr revhuyhv doo lghqwlfdo rslqlrqv fdq vwloo qrw lplwdwh zkdw +v,kh vhhv rq wkh
jurxqg ri wkh xqlirup sulru1
515 Sxeolf Rslqlrq Irupdwlrq
Dv dqwlflsdwhg/ zh duh jrlqj wr prgho d g|qdplf surfhvv ri sxeolf rslqlrq irupdwlrq/
lq zklfk zh wdnh wkh ehkdylrudo vshfl￿fdwlrqv lqwurgxfhg lq wkh suhylrxv Vxevhfwlrq
dv sulplwlyhv1 Lq rughu wr dffrxqw iru gl￿huhqw sodxvleoh lqirupdwlrq vwuxfwxuhv dqg
lqirupdwlrq wudqvplvvlrq dprqj djhqwv/ zh zloo dqdo|}h gl￿huhqw vshfl￿fdwlrqv ri wkh
prgho1
Wkh jhqhudo qrwdwlrq ri wkh prgho zh vwxg| kdv lqglylgxdo { 5 V fkrrvlqj rslq0
lrq ￿+{, 5i l @3 >4j/ zkhuh wkh vhw ri rslqlrq kdv ehhq uh0odehohg iru qrwdwlrqdo
frqyhqlhqfh dqg rslqlrq d lv qrz uh0odehohg dv 41 D frq￿jxudwlrq ri rslqlrqv lq wkh
srsxodwlrq zloo eh ghqrwhg e| ￿ 5i 3>4j71 Zh prgho wkh g|qdplfv ri wkh surfhvv
zkhuh dw hdfk srlqw lq wlph dw prvw rqh lqglylgxdo fkdqjhv rslqlrq1 Wr wklv dlp/
zh dvvxph wkdw hdfk lqglylgxdo pd| fkrrvh d qhz rslqlrq dw d udqgrp h{srqhqwldo
wlph/ zlwk phdq rqh1 Zkhqhyhu lqglylgxdo { lv wr irup d qhz rslqlrq/ +v,kh zloo gr
44vr dffruglqj wr Gh￿qlwlrq 4 ru 5/ dffruglqj wr wkh prgho zh duh vwxg|lqj1 Zlwklq
wkh vdph prgho/ doo lqglylgxdov irup wkhlu rslqlrq lq h{dfwo| wkh vdph zd|1
Zh vkdoo hqgrjhqhl}h wkh sdudphwhu s +wkdw/ zh uhfdoo iurp wkh suhylrxv Vhfwlrq/
lv wkh sdudphwhu wkdw ghwhuplqhv wkh suredelolw| ri revhuylqj rslqlrq 4,d vs|+{>￿, ￿
s+{>￿|,/ phdqlqj wkdw vxfk suredelolw| ghshqgv rq wkh djhqw*v lghqwlw|/ dv zhoo dv
rq wkh fxuuhqw frq￿jxudwlrq ri rslqlrqv lq wkh srsxodwlrq/ exw lv krprjhqhrxv ryhu
wlph1
Wkh vshfl￿fdwlrq ri wkh prgho surylghv hdfk djhqw zlwk d vsdwldo orfdwlrq rq d
g0glphqvlrqdo odwwlfh ]_/ dqg srvwxodwhv wkdw +v,kh fdq rqo| revhuyh wkh rslqlrqv
dgrswhg zlwklq wkh vhw ri djhqwv wkdw olyh lq khu2klv ylflqlw|1 Irupdoo|/ zh wdnh
V @ ]_ dqg gh￿qh wkh vhw ri {*v qhduhvw qhljkerxuv dv i| =n | ￿ { n@4 j/ l1h1 wkh
vhw ri 5g djhqwv zkr olyh dw Hxfolghdq glvwdqfh rqh iurp djhqw {1 Zh dvvxph wkdw
hdfk yrwhu lv htxdoo| olnho| wr revhuyh dq| ri wkh rslqlrqv dgrswhg dprqj khu qhduhvw
qhljkeruv1 Dv d uhvxow s+{>￿, @ +5g,3￿S
t+G8+3%8’￿￿ ￿+|,1
Lq jhqhudo/ zh vkdoo ghqrwh e| ￿| wkh surfhvv dw wlph w +￿| lv fohduo| dq hohphqw
ri wkh vwdwh vsdfh i3>4j7, dqg zh duh lqwhuhvwhg lq fkdudfwhul}lqj wkh wlph hyroxwlrq
ri wkh vwrfkdvwlf surfhvv ￿| dqg lwv dv|pswrwlf surshuwlhv dv w $4 1 Zh ghqrwh dq|
suredelolw| glvwulexwlrq ryhu wkh vwdwh vsdfh e| ￿|/ dqg wkh lqlwldo glvwulexwlrq e|
￿f1 D ghjhqhudwh suredelolw| glvwulexwlrqv wkdw kdv srlqwpdvv rq wkh frq￿jxudwlrqv
zkhuh doo lqglylgxdov dgrsw h{dfwo| wkh vdph rslqlrq l +wkdw lv frq￿jxudwlrq ￿￿ zkhuh
￿+{, @ l iru doo { lq V, lv ghqrwhg e| ￿￿= Jlyhq ￿f> zh ohw O+￿
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dovr ghqrwh e| . wkh vhw ri lqyduldqw phdvxuhv iru ￿| dqg .e ￿ . wkh vhw lwv h{wuhph
srlqwv1 Zh vkdoo gh￿qh wkh surfhvv ￿| wr eh hujrglf li dqg rqo| li . lv d vlqjohwrq> lq
wklv fdvh wkh deryh olplw zloo qrw ghshqg rq wkh lqlwldo frqglwlrq/ lq wkh vhqvh wkdw
olp|<" O+￿
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Wkh iroorzlqj Gh￿qlwlrqv vxppdul}h wkh ghwdlov ri wkh surfhvvhv ri sxeolf rslqlrq
irupdwlrq wkdw zh vwxg|1
Gh￿qlwlrq 6 +Xqlqiruphg yrwhuv, Frqvlghu d srsxodwlrq ri V yrwhuv1 Dw d udq0
grp h{srqhqwldo wlph w/ zlwk phdq rqh/ yrwhu { 5 V fkrrvhv rslqlrq 4 zlwk suredelolw|
Su L^4 m q>s+{>￿|,‘ +jlyhq e| htxdwlrq +6,,/ zkhuh q?4 dqg s+{>￿, 5i 3>
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45Wkhq ￿L
| +q, gh￿qhv wkh surfhvv ri djjuhjdwh rslqlrq irupdwlrq iru d srsxodwlrq ri xq0
lqiruphg yrwhuv/ zkhq vdpsolqj q revhuydwlrqv1
Gh￿qlwlrq 7 +Olqhdu yrwhuv, Frqvlghu d srsxodwlrq ri V yrwhuv1 Dw d udqgrp
h{srqhqwldo wlph w/ zlwk phdq rqh/ yrwhu { 5 V fkrrvhv rslqlrq 4 zlwk suredelolw|
Su u^4 m q>s+{>￿|,‘@s+{>￿|, +jlyhq e| htxdwlrq +7,,/ zkhuh q?4 dqg s+{>￿, 5
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| gh￿qhv wkh surfhvv ri djjuhjdwh rslqlrq irupdwlrq iru d
srsxodwlrq ri olqhdu yrwhuv1
Ehiruh zh surfhhg wr vwdwh wkh pdlq uhvxowv ri wkh sdshu/ lw lv zruwk qrwlflqj wkdw
vrph ihdwxuh ri wkh surfhvvhv zh vkdoo dqdo|}h duh uhodwlyho| lqwxlwlyh1 Iluvw/ vlqfh
zkhqhyhu fdoohg wr irup dq rslqlrq/ d yrwhu vdpsohv fxuuhqw revhuydwlrqv/ dqg rq wkh
edvlv ri wkhvh +v,kh ghflghv/ wkh djjuhjdwh surfhvv fohduo| vdwlv￿hv vrph Pdunryldq
surshuwlhv1 Vhfrqg/ dv srlqwhg rxw hduolhu/ wkh xqlqiruphg yrwhu zkr vdpsohv ￿qlwho|
pdq| revhuydwlrqv fdq fkrrvh hdfk ri wkh rslqlrqv zlwk vwulfwo| srvlwlyh suredelolw|1
Wklv vxjjhvwv wkdw wklv surfhvv pd| eh hujrglf/ lq wkdw doo srvvleoh frq￿jxudwlrqv
ri rslqlrqv lq wkh srsxodwlrq frxog eh ylvlwhg lq￿qlwho| riwhq e| wkh surfhvv1 Lq
wklv fdvh d txhvwlrq ri lqwhuhvw lv wkh h{solflw fkdudfwhul}dwlrq ri lwv olplw ehkdylru1
Wklv ihdwxuh lv fohduo| qrw vkduhg e| wkh olqhdu yrwhu surfhvv/ dv rqo| rslqlrqv wkdw
duh revhuyhg fdq eh dgrswhg zlwk srvlwlyh suredelolw|1 Lw vkrxog eh fohdu iurp wkh
vshfl￿fdwlrq wkdw/ iru wklv odwwhu surfhvv/ wkh vhw ri suredelolw| phdvxuhv wkdw kdyh
srlqwpdvv rqh rq vwdwh ￿￿ zkhuh hyhu|erg| dgrswv rslqlrq l/ i￿￿ l 5i 3>4jj/ duh
lqyduldqw1 Dowkrxjk wkh odfn ri hujrglflw| grhv qrw doorz iru xqltxh suhglfwlrqv dv
iru wkh olplw ehkdylru ri wklv surfhvv/ lw lv lqwhuhvwlqj wr dqdo|}h zkdw kdsshqv dorqj
wkh g|qdplfv ri wkh surfhvv/ lq whupv ri wkh surfhvv ri foxvwhu irupdwlrq1
6 Pdlq Uhvxowv
Zh duh qrz uhdg| wr vwdwh wkh pdlq uhvxowv ri wkh sdshu1 Wkh Wkhruhpv wkdw iroorz
vwxg| wkh dv|pswrwlf ehkdylrxu ri wkh wzr surfhvvhv ghvfulehg lq wkh suhylrxv Vhf0
wlrqv1 Wkh uhvxowv duh rewdlqhg iru d vshfl￿f fkdudfwhul}dwlrq ri wkh vhw ri doo yrwhuv/
wkdw duh orfdwhg rq d rqh0glphqvlrqdo odwwlfh dqg rqo| revhuyh d vdpsoh ri rslqlrqv
iurp wkhlu qhduhvw qhljkeruv1 Wklv vshfl￿fdwlrq lv fkrvhq prvwo| iru frqyhqlhqfh/
46dv lw doorzv iru dq lqwxlwlyh fkdudfwhul}dwlrq ri wkh vsdfh0wlph dqdo|vlv zh dgguhvv
wrzdugv wkh hqg ri wklv Vhfwlrq1 Ixuwkhu frpphqwv rq wklv sduwlfxodu lvvxh duh jlyhq
lq d Uhpdun lq wkh Dsshqgl{1
Wkhruhp 4 vkrzv wkdw zkhq yrwhuv duh xqlqiruphg/ wkh surfhvv ri sxeolf rslq0
lrq irupdwlrq lv hujrglf/ lq wkdw lw dgplwv d xqltxh olplw glvwulexwlrq wkdw lv ixoo|
fkdudfwhul}hg1
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Surri1 Vhh Dsshqgl{1
Wkh deryh Wkhruhp surylghv d fkdudfwhul}dwlrq ri wkh olplw ehkdylrxu ri wkh
g|qdplfv ￿L
| = qr pdwwhu zkhuh wkh surfhvv vwduwv/ wkh suredelolw| zlwk zklfk hdfk
frq￿jxudwlrq frxog eh revhuyhg dv|pswrwlfdoo| lv jlyhq e| wkh deryh olplwlqj glvwul0
exwlrq1 Dv wkh odwwhu kdv ixoo vxssruw/ hdfk ri wkh srvvleoh frq￿jxudwlrqv ri rslqlrqv
lq wkh srsxodwlrq fdq eh revhuyhg lq wkh olplw1 Krzhyhu/ lw lv fohdu iurp wkh deryh
irupxodwlrq wkdw vrph frq￿jxudwlrqv duh pruh olnho| wr eh revhuyhg wkdq rwkhuv1 Lq
sduwlfxodu/ dv wkh vxp ri zklfk lq wkh vtxduh eudfnhwv ri +8, lv wdnhq ryhu doo frxsohv
ri qhduhvw qhljkerxuv/ dqg dv wkh dgghqgxp lv htxdo wr rqh li dqg rqo| li ￿+{, @ ￿+|,/
wkh wzr frq￿jxudwlrqv zklfk duh pruh olnho| wr eh revhuyhg duh wkrvh zkhuh hyhu|
yrwhu fkrrvhv h{dfwo| wkh vdph rslqlrq/ l1h1 ￿f dqg ￿￿1 Vlqfh +8, lv frqwlqxrxv lq wkh
sdudphwhu. ￿/ wklv suryhv wkh qh{w Fruroodu|1
Fruroodu| 5 Xqghu wkh dvvxpswlrqv ri Wkhruhp 4/
iru doo ￿
￿j
"+￿f,
￿j
"+￿￿,
@4 dqg olp
j<"
￿j
"+￿,
￿j
"+￿￿,
@3
47zkhuh i￿￿>l5i 3>4jj zlwk ￿f ￿i ￿ 5i 3>4j7 = ￿+{, @3 ;{ 5 Vj/ ￿￿ ￿i ￿ 5i 3>4j7 =
￿+{, @4 ;{ 5 Vj dqg ￿ @ 5i ￿￿>l5i 3>4jj1
Wkh lqwhusuhwdwlrq ri wkh deryh Fruroodu| lq rxu prgho lv wkh iroorzlqj1 Vlqfh
￿ @ ￿
e orj+5?n￿ ￿ 4,/ wdnlqj d olplw iru ￿ $4phdqv vwxg|lqj zkdw kdsshqv zkhq
dq xqlqiruphg yrwhu vdpsohv dq lq￿qlwh qxpehu ri revhuydwlrqv +q,1 Revhuydwlrqv
duh rslqlrqv udqgrpo| jdwkhuhg lq wkh qhljkerxukrrg dqg wkh lqwhusuhwdwlrq zh kdyh
lq plqg lv wkdw hdfk ri wkhvh +hyhq wkrxjk wkh| pd| frph iurp wkh vdph qhljkerxu,
surylghv wkh yrwhu zlwk vrph ixuwkhu lqirupdwlrq derxw wkh vwdwh ri wkh v|vwhp dw
wkh wlph dw zklfk +v,kh irupv dq rslqlrq1 Lq rwkhu zrugv/ d yrwhu zkr uhshdwhgo|
wdonv wr wkh vdph qhljkerxuv/ xsgdwhv khu eholhiv dw hdfk wlph1 Hujrglflw| euhdnv
grzq rqo| lq wkh olplw/ dv wkh wudqvlwlrq suredelolwlhv ri zklfk lq Gh￿qlwlrq 4 ehfrph
glvfrqwlqxrxv lq wkh sdudphwhu s/d vq jurzv wr lq￿qlw|1 Lw lv fohdu wkdw Fruroodu| 5
rqo| uholhv rq d frpsdudwlyh vwdwlf h{huflvh ryhu wkh olplw glvwulexwlrqv ri d vhtxhqfh
ri lghqwlfdo surfhvvhv/ wkdw gl￿hu rqo| lq wkh sdudphwhu ￿ dqg/ dv vxfk/ lw grhv qrw
surylgh d ixoo xqghuvwdqglqj ri wkh g|qdplfv dw dq| ￿qlwh srlqw lq wlph1
Wkh phvvdjh wkdw wkh deryh uhvxow frqyh|v lv wkdw/ dv|pswrwlfdoo|/ zh duh pruh
olnho| wr revhuyh d frq￿jxudwlrq ri krprjhqhrxv rslqlrqv lq wkh srsxodwlrq1 Gxh wr
wkh xqghuo|lqj v|pphwulhv wkdw wkh surfhvv vdwlv￿hv/ wklv lv shukdsv qrw vxusulvlqj1
Jlyhq wkhvh dv|pswrwlfv +dqg jlyhq wkdw hohfwlrqv w|slfdoo| wdnh sodfh dw d ￿qlwh/
udwkhu wkdq lq￿qlwh/ wlph,/ zkdw zh zrxog olnh wr nqrz lq pruh ghwdlo zkdw kdsshqv
dorqj wkh g|qdplfv ri wkh surfhvv1 Orrvho| vshdnlqj/ zh zrxog olnh wr nqrz wr zkdw
h{whqw wkh orjlf zh iroorzhg lqWkhruhp 4 +zkhuh zh ￿uvw orrnhg dw wkh dv|pswrwlfv iru
w $4 / dqg wkhq dw wkh olplw iru ￿ $4 , fdq eh uhyhuvhg e| ￿uvw orrnlqj dw d surfhvv
zkhuh d yrwhu nqrzv h{dfwo| zkdw wkh rslqlrqv lq khu qhljkerxukrrg lv +l1h1 lq wkh
olplw iru ￿ $4 , dqg vhfrqg dw zkdw kdsshqv dorqj wkh g|qdplfv ri wklv surfhvv +l1h1
dv|pswrwlfdoo| iru w $4 ,1 E| wklv grlqj zh fdq jdwkhu vrph ixuwkhu xqghuvwdqglqj
ri wkh zd| wkh surfhvv hyroyhv/ zkhq wkh ehkdylrxu ri yrwhuv lv qrw gulyhq e| odfn ri
lqirupdwlrq derxw wkh fxuuhqw frq￿jxudwlrq ri rslqlrqv lq wkh qhljkerxukrrg1 Wkh
Wkhruhp wkdw iroorzv hvwdeolvkhv wkdw wklv olqh fdq eh sxuvxhg dqg wkdw wkh uhvxowlqj
surfhvv lv h{dfwo| wkh surfhvv ￿u
| / iru zklfk dv|pswrwlf ehkdylrxu lv fkdudfwhul}hg1
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Surri1 Vhh Dsshqgl{1
Wkh deryh Wkhruhp vkrzv wkdw wkh surfhvv ￿u
| fdq eh lqwhusuhwhg dv d olplwlqj fdvh
ri wkh surfhvv ￿L
| dqg wkdw wklv odwwhu surfhvv dgplwv qr h{wuhph lqyduldqw phdvxuhv
rwkhu wkdq i￿f>￿ ￿j1 Sduw +51, lv uhohydqw iru rxu sxusrvhv ehfdxvh lw vkrzv wkdw
wkh h{wuhph lqyduldqw phdvxuhv ri ￿u
| duh h{dfwo| wkrvh wr zklfk ￿L
| +￿, froodsvhv iru
￿ $4 1 Li wklv zdv qrw wkh fdvh wkh lqyduldqw phdvxuhv ri ￿u
| frxog eh ri d gl￿huhqw
qdwxuh wkdq ￿L
| +4,> wkh| frxog iru h{dpsoh lghqwli| frq￿jxudwlrqv zkhuh gl￿huhqw
rslqlrqv frh{lvw lq htxloleulxp/ dqg wklv +iurp Fruroodu| 5, zrxog qrw eh frqvlvwhqw
zlwk wkh surfhvv ￿L
| 1
Wkh vhfrqg uhdvrq zk| wkh deryh uhvxow lv lpsruwdqw lv wkdw lw vkrzv wkdw dorqj
wkh g|qdplfv/ wkh surfhvv vkrzv frqvhqvxv/ lq wkdw li zh orrn dw dq| srvvleoh frxsoh
ri yrwhuv/ { dqg | lq V/ wkh suredelolw| wkdw wkh| fkrrvh gl￿huhqw rslqlrqv dssurdfkhv
}hur dv|pswrwlfdoo|=
olp
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Fohduo|/ iru dq| 3 ?￿?4/ hdfk vlqjoh yrwhu pd| fkdqjh khu ru klv rslqlrq
lq￿qlwho| pdq| wlphv +dv olp|<" ￿|+{, grhv qrw qhfhvvdulo| h{lvw,1 Krzhyhu/ dv d
uhvxow ri wkh deryh frqvlghudwlrqv/ wkh revhuyhg iuhtxhqflhv ri lqglylgxdov fkrrvlqj
wkh vdph rslqlrq jurzv ryhu wlph1 Rxu dlp lv qrz wr fkdudfwhul}h pruh lq ghwdlo krz
wklv rffxuv1
Dv dqwlflsdwhg/ zh lqwhqg wr vwxg| wkh surshuwlhv ri wkh g|qdplfv ri rxu surfhvv
iru dq| ￿qlwh w1 Dv rxu surfhvv lv gh￿qhg lq wkh wzr glphqvlrqv ri wlph dqg vsdfh/
zh vkdoo ￿qg lw xvhixo wr uhodwh wkhvh wzr glphqvlrqv lq d vsdfh0wlph dqdo|vlv1 Lq
sduwlfxodu/ zh dlp dw fkdudfwhul}lqj d foxvwhulqj surfhvv/ e| uho|lqj rq wkh orfdo
vshfl￿fdwlrq ri wkh prgho1 Zlwk wkh whup ￿foxvwhu￿ zh phdq d frqqhfwhg jurxs
ri lqglylgxdov kroglqj wkh vdph rslqlrq/ wkdw lv wkh ohqjwk ri d vhjphqw zlwk doo
49frqqhfwhg lqglylgxdov ri wkh vdph rslqlrq1 Lq rughu wr vhh krz wkh vl}h ri d foxvwhu
lqfuhdvhv zlwk wlph/ zh vkdoo odwhu h{suhvv wkh ohqjwk ri d foxvwhu dv d ixqfwlrq ri w1
Irupdoo|/ jlyhq d frq￿jxudwlrq/ ￿/z hg h ￿ q hdfoxvwhu dv wkh frqqhfwhg frpsrqhqwv
ri i{ = ￿+{, @3 j ru i{ = ￿+{, @4 j dqg wkh phdq foxvwhu vl}h ri ￿ +durxqg wkh ruljlq,
dv=
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cqxpehu ri foxvwhuv ri ￿ lq ^￿o>o‘*
zkhqhyhu wklv olplw h{lvwv1
Wkh Wkhruhp wkdw iroorzv vwdwhv wkdw/ li wkh lqlwldo glvwulexwlrq lv d surgxfw
phdvxuh/ dqg li zh uh0vfdoh wkh ohqjwk ri d foxvwhu dv o @
s
w/ wkhq wkh phdq foxvwhu
vl}h durxqg wkh ruljlq frqyhujhv lq glvwulexwlrq/ dv w $4 1 Lwv olplw ghshqgv rq wkh
lqlwldo glvwulexwlrq dqg lw lv srvvleoh wr surylgh erxqgv/ h{suhvvhg dv d ixqfwlrq ri
wklv suredelolw|1
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Surri1 Wkhruhp : lq Eudpvrq dqg Jul￿hdwk +4<;3,/ s1 5441
Dq lpphgldwh fruroodu| ri wkh deryh Wkhruhp lv wkh idfw wkdw/ dv w jhwv odujh/
wkh odujhvw vhjphqw frqwdlqlqj doo lqglylgxdov fkrrvlqj wkh vdph rslqlrq/ kdv vlgh ri
suredelolw| rughu
s
w1I r u w yhu| odujh/ vxfk foxvwhu whqgv wr eh doprvw vwdwlrqdu|/
lq wkh vhqvh wkdw wkh udwh dw zklfk lw fkdqjhv lv vorzhu wkdq wkh udwh dw zklfk wlph
fkdqjhvb1
Wkh Wkhruhp surylghv d qxphulfdo orzhu dqg dq xsshu erxqg iru wkh h{shfwhg
phdq foxvwhu vl}h1 Wr lqwhusuhw wklv hvwlpdwh/ frqvlghu d surfhvv wkdw vwduwv zlwk dq
lqlwldo glvwulexwlrq zkhuh hdfk yrwhu fkrrvhv rslqlrq 4 zlwk suredelolw|/ vd|/ ￿ @ ￿
2=
Dv fkrlfhv duh lqlwldoo| lqghshqghqw/ fohduo|/ dw wlph }hur/ wkh suredelolw| ri revhuylqj
d foxvwhu ri n @ 433 yrwhuv zlwk wkh vdph rslqlrq lv 53￿ff1 Dv wkh surfhvv hyroyhv/
krzhyhu/ fkrlfhv vkrz d fhuwdlq dprxqw ri vsdwldo fruuhodwlrq1 Iru w $4wkh phdq
foxvwhu vl}h/ uh0vfdohg e|
s
w/ zloo frqyhujh wr d olplw wkdw olhv ehwzhhq 5
s
￿ @6 =877<
4:dqg 7
s
￿ @: =3;<;1 Khqfh d foxvwhu ri n @4 3 3yrwhuv frxog eh dssur{lpdwho|
revhuyhg dv hduo| dv diwhu w @ 4<;=<7 ￿f/ dqg lv rq dyhudjh qrw jrlqj wr ydu| xqwlo
w @: < 8 =:;/ dv wkh ￿jxuh wkdw iroorzv looxvwudwhv=
Olplwlqj phdq foxvwhu vl}h iru ￿ @ ￿
2=
Lq rwkhu zrugv/ lq rughu wr revhuyh wkh foxvwhu vl}h wr grxeoh +vd| iurp n @4 3 3
wr n @5 3 3lq wkh deryh slfwxuh,/ wkh surfhvv qhhgv wr jr wkurxjk irxu wlphv dv pdq|
shulrgv +vd| iurp w ￿ 533 wr w ￿ ;33,1
Vlpsoh fdofxoxv vkrzv wkdw wkh orzhu dqg wkh xsshu erxqg ri wkh +olplwlqj, phdq
foxvwhu vl}h duh frqyh{ lq ￿ dqg v|pphwulf durxqg ￿ @ ￿
21 Khqfh iru ￿ 9@ ￿
2 d foxvwhu
ri d jlyhq phdq vl}h lv olnho| wr eh revhuyhg hduolhu wkdq li ￿ zdv ￿
2 dqg lv olnho|
wr cshuvlvw* iru d uhodwlyho| orqjhu vshoo ri wlph1 Khqfh/ frqglwlrqdo rq d fdqglgdwh
zlqqlqj wkh hohfwlrqv/ klv ru khu vxssruw lq whupv ri devroxwh qxpehu ri yrwhv jurzv
dw udwh
s
w1 Wkh kljkhu lv ￿/ wkh orzhu lv wkh qxpehu ri wlph shulrgv wkdw duh qhfhvvdu|
wr dfklhyh d jlyhq plqlpxp h{shfwhg foxvwhu vl}h ri yrwhv lq khu ru klv idyrxu/ dqg
wkh orqjhu lv wkh vshoo ri wlph zlwklq zklfk klv ru khu hohfwrudo vxssruw lv jrlqj wr
uhpdlq doprvw vwdwlrqdu|1
7 Lqvljkwv iru ixuwkhu uhvhdufk
Dv wkh g|qdplfv zh vwxglhg duh vshfl￿hg ryhu wlph dqg ryhu vsdfh/ qdwxudo txhvwlrqv
wr eh dgguhvvhg uhodwh wr wkh rswlpdo vsdwldo doorfdwlrq ri ixqglqj lq dq hohfwrudo
fdpsdljq +l1h1 dprqj gl￿huhqw glvwulfwv ru gl￿huhqw vwdwhv,/ dv zhoo dv wr wkh rswlpdo
wlplqj ri vxfk doorfdwlrq +l1h1 ehwzhhq wkh wlph zkhq wkh hohfwlrqv duh fdoohg dqg
wkh wlph mxvw ehiruh wkh hohfwlrqv duh dfwxdoo| khog,1 Dowkrxjk d irupdo wuhdwphqw ri
4;wkhvh lqwhuhvwlqj txhvwlrqv zduudqwv ixwxuh uhvhdufk/ lq zkdw iroorzv zh hoderudwh rq
wkh lqvljkwv wkdw wkh prgho zh vwxglhg lq wklv sdshu surylghv1
Wkh ￿uvw wklqj wkdw doo vshfl￿fdwlrqv ri rxu prgho vkrz lv wkdw wkh vsdwldo glv0
wulexwlrq ri yrwhv pdwwhuv lq wkh orqj uxq/ dv zhoo dv lq wkh vkruw uxq1 Lq sduwlfxodu/
vlpso| e| orrnlqj dw wkh olplw glvwulexwlrq iru wkh hujrglf surfhvv jhqhudwhg e| wkh
g|qdplfv ri wkh xqlqiruphg yrwhuv prgho/ dv lq Wkhruhp 4/ lw lv hdv| wr vhh wkdw
wkh olplw suredelolw| ri hdfk frq￿jxudwlrq ghshqgv rq wkh rslqlrqv fkrvhq lq lwv frq0
qhfwhg frpsrqhqwv/ dqg qrw rq wkh iuhtxhqf| zlwk zklfk rslqlrqv duh dgrswhg lq
wkh srsxodwlrq1 Iru h{dpsoh/ frqvlghu wzr frq￿jxudwlrqv/ ￿￿ dqg ￿￿/ lghqwlfdo dw doo
vlwhv dsduw iurp wkh vlwhv i{ ￿5>{￿ 4>{>{.4j zklfk duh dv iroorzv=
￿￿ = ==== ￿+{ ￿5, @4 ￿+{ ￿ 4, @3 ￿+{, @4 ￿+{ .4 , @3 ====
￿￿ = ==== ￿+{ ￿5, @4 ￿+{ ￿ 4, @4 ￿+{, @3 ￿+{ .4 , @3 ====
Iurp Wkhruhp 4 zh lqihu wkdw wkh olplw suredelolwlhv ri wkhvh frq￿jxudwlrqv +zkhuh
wkh iuhtxhqflhv ri 4v lv h{dfwo| wkh vdph, duh uhvshfwlyho|=
￿j
"+￿￿, 2 h{s^￿9￿‘
￿j
"+￿￿, 2 h{s^5￿‘
Frq￿jxudwlrq ￿￿ lv jlyhq kljkhu suredelolw|/ dv pruh frruglqdwhv djuhh zlwk wkhlu
qhljkerxulqj frruglqdwhv1 Wkhvh frqvlghudwlrqv fohduo| uhodwh wr wkh orqj0uxq glvwul0
exwlrq ri wkh surfhvv/ exw wkh lqvljkw dssolhv wr wkh vkruw0uxq/ dv fdq eh vhhq e|
orrnlqj dw wkh g|qdplfv ri wkh vshfl￿fdwlrq ri wkh prgho lq whupv ri olqhdu yrwhuv/w r
zklfk zh irfxv qh{w1
Pxfk ri wkh ghvfulswlyh dqg qrupdwlyh olwhudwxuh rq hohfwlrqv lq srolwlfdo vflhqfh
lghqwl￿hv dw ohdvw wzr dowhuqdwlyh edvlf uxohv wkdw d fdqglgdwh pd| iroorz zkhq ghflg0
lqj zkhuh wr doorfdwh uhvrxufhv +lq whupv ri prqh|/ dv zhoo dv wlph vshqw fdpsdljqlqj,
dprqj gl￿huhqw frqvwlwxhqflhv ru vwdwhv1 Wkh ￿uvw srvlwv wkdw d fdqglgdwh vkrxog do0
orfdwh fdpsdljq uhvrxufhv urxjko| lq sursruwlrq wr wkh hohfwrudo yrwhv ri hdfk vwdwh
+Eudpv dqg Gdylv +4<:7,,1 Wkh vhfrqg vxjjhvwv wkdw fdqglgdwhv vkrxog prvwo| eh
frqfhuqhg zlwk wkh olnholkrrg wkdw uhvrxufhv fdq vzlqj d vwdwh iurp rqh fdqglgdwh wr
dqrwkhu/ dqg e| wklv dgyrfdwhv d frpshwlwlyh doorfdwlrq ri uhvrxufhv wr eh gluhfwhg
wr wkh cpdujlqdo* vwdwhv +Frodqwrql hw do1 +4<:7,,1 Zlwk vrph khurlf vlpsol￿fdwlrqv/
zh fdq wudqvodwh wkhvh wzr dowhuqdwlyhv lqwr wkh vhw0xs ri rxu prgho/ e| dvnlqj wkh
4<iroorzlqj txhvwlrq= vxssrvh d fdqglgdwh kdg wkh srvvlelolw| wr ex| rqh yrwh +l1h1 wr
ex| wkh vxssruw ri rqh yrwhu,/ zrxog +v,kh udwkhu gr vr zlwklq d foxvwhu ri yrwhuv
zkr vxssruw wkh rwkhu fdqglgdwh/ ru h{dfwo| dw wkh erughu ri d foxvwhuB Lw wxuqv
rxw wkdw rxu prgho vxjjhvwv wkdw wkh ehvw dowhuqdwlyh lv wklv odwwhu srvvlelolw|1 Wr
vhh wklv/ frqvlghu wkh iroorzlqj frq￿jxudwlrq/ ￿/ wkdw kdv d erughu dw { @3 /l qw k d w
￿+{ ￿4, 9@ ￿+{,=
==== ￿+{ ￿5, @4 ￿+{ ￿ 4, @4 ￿+{, @3 ￿+{ .4 , @3 ￿+{ .5, @3 ====
Vxssrvh/ iru vlpsolflw|/ wkdw wkh surfhvv lv vwduwhg ghwhuplqlvwlfdoo| dw frq￿jx0
udwlrq ￿1 Lq wklv fdvh wkh gxdolw| htxdwlrq +43, +vhh wkh surri ri Wkhruhp 5 lq wkh
Dsshqgl{, vwdwhv wkdw wkh suredelolw| wkdw vwduwlqj iurp frq￿jxudwlrq ￿/ wkh yrwhu
dw vlwh { vxssruwv fdqglgdwh 4 lv= H#￿|+{, @
S
+ s|+{>|,￿+|,/ zklfk/ dssolhg wr wkh
vxevhw i{ ￿ 4>{>{.4j> ehfrphv=
H#^￿|+{￿4,.￿|+{,.￿|+{.4,‘@
[
+
s|+{￿4>|,￿+|,.
[
+
s|+{>|,￿+|,.
[
+
s|+{.4>|,￿+|,
Wkh deryh suredelolwlhv duh jlyhq h{solflwo| lq htxdwlrq +<,/ dqg lw lv qrw gl!fxow
wr vhh wkdw/ iru dq| ￿qlwh w/ vlqfh s|+{>{ . m, @ s|+{>{ ￿ m, iru dq| m ￿ 4 dqg vlqfh
sEf￿+{>{ .4, @ sEf￿+{>{ ￿4, @ ￿
2=
4
5
￿ s|+{>{ .4 , ￿s|+{>{ . m, A 3 ;mA4
irupdol}lqj wkh idfw wkdw d yrwhu*v rslqlrq lv pruh vwurqjo| d￿hfwhg e| wkh rslqlrqv
khog lq wkh qhljkerxukrrg wkdq e| rslqlrqv khog ixuwkhu dzd|1
Li zh wdnh lqwr dffrxqw ri wklv idfw/ dqg zh ghqrwh s|+{>{.4, dv s/ zh fdq uh0zulwh
wkh deryh htxdwlrq dv=
H#^￿|+{ ￿4,. ￿|+{,. ￿|+{ .4,‘ ￿ s^￿+{ ￿5, .￿+{ ￿ 4, .5 ￿+{, . ￿+{ .4 ,. ￿+{ .5,‘
@ s^ 4.4.5 ￿+{, .￿+{ .4 ,. ￿+{ .5,‘
Khqfh/ e| ex|lqj wkh yrwh ri yrwhu {/ fdqglgdwh 4 lqfuhdvhv wkh suredelolw| wkdw
dw wlph w yrwhuv lq i{ ￿ 4>{>{.4 j vxssruw khu ru klp e| wzlfh dv pxfk dv +v,kh
zrxog gr e| ex|lqj wkh yrwh ri yrwhu {.4ru yrwhu {.51 Wklv lv ehfdxvh e| prylqj
wkh erughu ri d foxvwhu e| rqh yrwhu/ wkh fdqglgdwh jxdudqwhhv vwdelolw| ri wkh duhd
53lqvlgh wkh foxvwhu/ wkdw ehlqj lqzdug orrnlqj lv qrw vr h{srvhg wr vxgghq vzlqjv lq
rslqlrqv1
D ixuwkhu lqvljkw wkdw wkh prgho surylghv uhodwhv wr wkh rswlpdo wlplqj ri uhvrxufh
doorfdwlrqv lq dq hohfwrudo fdpsdljq1 Dv zh vkrzhg ehiruh/ lq wkh olqhdu yrwhu prgho
wkh surfhvv lv sdwk0ghshqghqw/ dv lwv orqj uxq ehkdylrxu ghshqgv fuxfldoo| rq wkh
lqlwldo glvwulexwlrq1 Wklv ghwhuplqhv wkh edvlqv ri dwwudfwlrq ri wkh wzr olplw glvwul0
exwlrqv +wkdw/ zh uhfdoo/ vkrz frqvhqvxv,/ dv zhoo dv wkh orzhu dqg xsshu erxqg ri
wkh h{shfwhg plqlpxp foxvwhu vl}h1 Khqfh wkh prgho vxjjhvwv wkdw zkdw kdsshqv
dw wkh yhu| ehjlqqlqj ri dq hohfwrudo fdpsdljq kdv d yhu| vwurqj h￿hfw rq lwv odwhu
ghyhorsphqwv/ dqg udlvhv wkh lqfhqwlyh iru d fdqglgdwh wr lqyhvw fdpsdljq uhvrxufhv
rq zkdwhyhu lv ghhphg wr kdyh dq| srzhu wr d￿hfw wkh lqlwldo glvwulexwlrq1 Dorqj wkh
g|qdplfv/ foxvwhuv hphujh dqg duh doprvw vwdwlrqdu| zkhq ylhzhg orfdoo|1 Fohduo|/ dv
wkh prgho lv qrq0hujrglf/ wkhuh lv qr jxdudqwhh wkdw rqfh d plqlpxp foxvwhu vl}h lv
uhdfkhg/ hohfwrudo vxssruw iru d fdqglgdwh zloo frqwlqxh wr jurz xqerxqghgo|1 Khqfh/
li d fdqglgdwh frxog jdwkhu vrph lqirupdwlrq derxw wkh fxuuhqw glvwulexwlrq ri sr0
whqwldo yrwhv +iru h{dpsoh wkurxjk dq hohfwrudo sroo, dqg li wklv zdv idyrxudeoh wr khu
ru klp/ wkhq ghod|lqj wkh gdwh ri wkh hohfwlrqv frxog kdyh d ghwulphqwdo h￿hfw rq wkh
rxwfrph1 Dv foxvwhuv jurz dw udwh
s
w wkh prgho dovr vhhpv wr vxjjhvw wkdw d olqhdu
doorfdwlrq ri ixqglqj ryhu wlph gxulqj dq hohfwrudo fdpsdljq pljkw eh vxe0rswlpdo/
dv wkh uhwxuqv lq whupv ri hohfwrudo vxssruw duh ghfuhdvlqj ryhu wlph￿￿1
8 Frqfoxglqj uhpdunv
Wklv sdshu vwxglhg d g|qdplf prgho ri suh0hohfwrudo sxeolf rslqlrq irupdwlrq1 Zh
wuhdwhg sxeolf rslqlrq dv d frqwlqxrxvo| fkdqjlqj surfhvv dqg zh dqdo|}hg wkh hphu0
jhqfh ri lqwhudfwlyh sdwwhuqv ri ehkdylru1
Wkh prgho lqyroyhv d frxqwdeoh srsxodwlrq ri lqglylgxdov wkdw uhshdwhgo| fkrrvh
wr vxssruw rqh ri wzr fdqglgdwhv1 Hdfk lqglylgxdo kdv d zhoo gh￿qhg suhihuhqfh
vwuxfwxuh ryhu wkh ￿qdo hohfwrudo rxwfrph wkdw irupdol}hv dq lqfhqwlyh wr frqirup wr
wkh rslqlrq khog e| d shufhlyhg pdmrulw|1 Lq wkh ￿uvw vshfl￿fdwlrq ri wkh prgho djhqwv
xsgdwh wkhlu eholhiv ryhu wkh fxuuhqw glvwulexwlrq ri rslqlrqv e| vdpsolqj d qxpehu
ri revhuydwlrqv zlwklq wkhlu qhljkerxuv1 Lq wkh vhfrqg/ yrwhuv vlpso| iroorz d olqhdu
54uxoh/ e| fkrrvlqj rslqlrq 4 zlwk suredelolw| ￿ li ￿( ri wkhlu qhljkerxuv krog rslqlrq
4 +dqg ylfhyhuvd,1
Zh dqdo|}hg wkh g|qdplfv ri wkh sxeolf rslqlrq surfhvv e| dgguhvvlqj wzr uhodwhg
txhvwlrqv1 Wkh ￿uvw uhodwhv wr wkh dv|pswrwlfv ri wkh surfhvv1 Iru fhuwdlq vshfl￿fd0
wlrqv zh vkrzhg wkdw wkh surfhvv lv hujrglf/ zkloh iru rwkhuv wkh surfhvv dgplwv wzr
h{wuhph lqyduldqw phdvxuhv/ zkhuh rqh fdqglgdwh lv vxssruwhg e| wkh zkroh srsxod0
wlrq1 Wkh vhfrqg txhvwlrq h{solflwo| irfxvhg rq wkh g|qdplfv lwvhoi/ e| sxuvxlqj d
vsdfh0wlph dqdo|vlv1 Lw wxuqhg rxw wkdw wkh surfhvv glvsod|v wkh ihdwxuh wkdw/ diwhu
orqj wlph vsdqv/ d vhtxhqfh ri vwdwhv rffxu zklfk/ zkhq ylhzhg orfdoo|/ uhpdlq doprvw
vwdwlrqdu| dqg duh fkdudfwhul}hg e| odujh foxvwhuv ri lqglylgxdov ri wkh vdph rslqlrq1
Ilqdoo|/ zh surylghg vrph khxulvwlf frqvlghudwlrqv rq wkh lpsolfdwlrqv wkdw wkhvh
￿qglqjv frxog kdyh zlwklq d pruh jhqhudo prgho wkdw doorzv iru vwudwhjlf ehkdylrxu
rq wkh sduw ri wkh wzr fdqglgdwhv1
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+4, +hujrglflw|,
Zh lqwhusuhw wkh surfhvv ￿L dv d v|vwhp ri lqwhudfwlyh/ qhduhvw qhljkerxuv/ sdu0
wlfohv rq d rqh0glphqvlrqdo odwwlfh/ ]￿1Z h￿ u v wv k r zw k d ww k hs u r f h v vl vdwwudfwlyh
+ru prqrwrqlf, lq wkdw frruglqdwhv whqg wr djuhh zlwk qhljkerxulqj frruglqdwhv1 Lw
lv nqrzq +vhh/ iru h{dpsoh/ Oljjhww +4<;8,/ Wkhruhp 6147/ s1485, wkdw d vx!flhqw
frqglwlrq iru dq dwwudfwlyh v|vwhp zlwk d frxqwdeoh vwdwh0vsdfh wr eh hujrglf/ lv wkdw
wkh wudqvlwlrq suredelolwlhv wkdw jhqhudwh wkh surfhvv eh vwulfwo| srvlwlyh1 Wklv lv wkh
orjlf zh iroorz1
Zh lqwurgxfh wkh iroorzlqj sduwldo rughu rq i3>4j~￿
1 Zh vd| wkdw/ iru ￿>￿ 5
i3>4j~￿
/ ￿ ￿ ￿ li ￿+{, ￿ ￿+{, iru doo { 5 ]￿1 Wkhq d surfhvv lv gh￿qhg wr eh
dwwudfwlyh li/ zkhqhyhu ￿ ￿ ￿ =
f+{>￿, ￿ f+{>￿, li ￿+{, @ ￿+{, @3
f+{>￿, ￿ f+{>￿, li ￿+{, @ ￿+{, @4
zkhuh f+{>￿, duh wkh  ls udwhv wkdw jhqhudwh wkh g|qdplfv +l1h1 f+{>￿, lv wkh suredelolw|
zlwk zklfk frruglqdwh {  lsv/ lq vwdwh ￿,1
Lq rughu wr fkhfn wklv frqglwlrq/ dqg iru odwhu sxusrvhv/ zh uh0zulwh wkh wudqvlwlrq
suredelolwlhv ri zklfk lq htxdwlrq +6, e| vxevwlwxwlqj ￿ @ ￿
e orj+5?n￿ ￿ 4,=
Su L^4 m q>s+{>￿,‘ ￿ Su L^4 m ￿>s+{>￿,‘@ +9,
@
4
4.h{ s ^ ￿7￿+5s+{>￿,￿ 4,‘
+:,
zkhuh zh uhfdoo s+{>￿, @ ￿
2
S
+G8+3%8’￿￿+|, dqg wdnhv ydoxhv lq i3>4@5>4j1I r u
h{dpsoh/ li s+{>￿, @3wkh deryh htxdwlrq vwdwhv wkdw wkh suredelolw| wkdw rslqlrq 4
lv fkrvhq lv jlyhq e| ^4 .h{s^7￿‘‘3￿ @ ^4. h{s^orj^5?n￿ ￿4‘‘‘3￿ @ +5?n￿,3￿1
Khqfh/ wkh  ls udwhv fdq eh zulwwhq dv=
Su L^4 m ￿> s+{>￿,>￿ +{, @3 ‘@
4
4 .h{s^￿7￿+5s+{>￿, ￿ 4,‘
Su L^3 m ￿> s+{>￿,>￿ +{, @4 ‘@
4
4 .h{s^.7￿+5s+{>￿, ￿ 4,‘
56Dv fohduo| s+{>￿, ￿ s+{>￿, zkhqhyhu ￿ ￿ ￿/ rxu surfhvv lv dwwudfwlyh1 Lw lv dovr
fohdu iurp htxdwlrq +6, zlwk q?4/ ru htxlydohqwo| iurp wkh deryh vshfl￿fdwlrqv/ iru
￿?4/ wkdw wudqvlwlrq suredelolwlhv duh vwulfwo| srvlwlyh1 Khqfh . lv d vlqjohwrq1
+5, +fkdudfwhul}dwlrq ri wkh olplw glvwulexwlrq,
Lq rughu wr fkdudfwhul}h wkh xqltxh lqyduldqw phdvxuh ri wkh surfhvv/ zh hvwdeolvk
d uhodwlrq ehwzhhq wkh surfhvv ￿L
| dqg d fodvv ri vwrfkdvwlf surfhvvhv nqrzq dv Lvlqj
prghov +Oljjhww +4<;8,/ Fkdswhu LY surylghv ghwdlov rq Lvlqj prghov,1
Lw lv hdv| wr vhh wkdw wkh wudqvlwlrq suredelolwlhv ri zklfk lq htxdwlrq +;, fruuh0
vsrqg h{dfwo| wr wkh  ls udwhv ri d vwrfkdvwlf Lvlqj prgho/ zlwk qhduhvw qhljkerxu
lqwhudfwlrqv/ uhodwlyh wr wkh iroorzlqj srwhqwldo=
M- @
;
?
=
￿ li U @ i{>|j dqg | =n | ￿ { n@4
3 rwkhuzlvh
+;,
Khqfh wkh xqltxh olplw glvwulexwlrq ri wkh surfhvv lv wkh Jleev vwdwh fruuhvsrqglqj
wr wkh deryh srwhqwldo=
￿j
"+￿, @ N h{s^
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[
t+G￿+3%￿’￿￿
￿+5￿+{, ￿4,+5￿+|, ￿4,‘
zkhuh N @ i
S
# h{s^
S
%
S
t+G￿+3%￿’￿￿￿+5￿+{, ￿ 4,+5￿+|, ￿ 4,‘j3￿ +vhh iru h{dpsoh
htxdwlrq +417, rq s1 4;3 lq Oljjhww +4<;8,,1
Wr vhh wklv/ lw vx!fhv wr qrwlfh wkdw wkh deryh phdvxuh lv uhyhuvleoh/ lq wkdw=
Su L^4 m ￿> s+{>￿,>￿ +{, @3 ‘ ￿j
"+￿%’f, @S uL^3 m ￿> s+{>￿,>￿ +{, @4 ‘ ￿j
"+￿%’￿,
zkhuh wkh wzr frq￿jxudwlrqv ￿%’f dqg ￿%’￿ gl￿hu rqo| lq wkh frruglqdwh { +l1h1
￿%’f+{, @3 >￿%’￿+{, @4dqg ￿%’f+|, @ ￿%’￿+|, iru doo | 9@ {,=
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Su L^4 m ￿> s+{>￿,>￿ +{, @3 ‘
Su L^3 m ￿> s+{>￿,>￿ +{, @4 ‘
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sduw +4, zh nqrz wkdw wkh surfhvv lv hujrglf/ l1h1 . lv d vlqjohwrq1 Khqfh wkh dvvhuw
iroorzv1
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41 Uhfdoo wkdw wkh surfhvv ￿L
| +4, lv gh￿qhg e| wkh wudqvlwlrq suredelolwlhv ri
zklfk lq +:,1 Khqfh/ zh rqo| qhhg wr vkrz wkdw olpj<" Su L^4 m ￿>s+{>￿,‘@s+{>￿,
iru s+{>￿, 5i 3> ￿
2>4j1 Wklv lv fohdu e| orrnlqj dw +:, dqg wdnlqj vxfk olplw/ iru dq|
jlyhq s+{>￿,1
51 Fohduo|/ iru wkh surfhvv ￿u
| / . ￿ .e ￿i ￿f>￿ ￿j/ dv e| vlpsoh lqvshfwlrq ri wkh
wudqvlwlrq suredelolwlhv wkdw gh￿qh wkh surfhvv +qdpho| s+{>￿, iru s 5i 3>
4
5
>4j,l w
lv fohdu wkdw dq| vwdwh iru zklfk ￿+{, @ ￿+|, iru doo {>| lq V lv vwdwlrqdu| iru wkh
surfhvv1 Khqfh/ wkh uhvxow uholhv rq wkh surri wkdw wkhvh duh wkh rqo| wzr h{wuhph
lqyduldqw phdvxuhv +l1h1 .e ￿i ￿f>￿ ￿j,/ vr wkdw/ dv . lv d frqyh{ vhw/ dq| rwkhu
lqyduldqw phdvxuh lv ixoo| fkdudfwhul}hg1 Ixuwkhupruh/ rqh qhhgv wr vkrz wkdw wkh
grpdlqv ri dwwudfwlrq ri hdfk h{wuhph lqyduldqw phdvxuh/ ghshqg rq wkh vwrfkdvwlf
lqlwldo frqglwlrq jlyhq e| wkh surgxfw phdvxuh ￿w/d vl qO+￿
>w
| , $ +4 ￿￿,￿f .￿￿￿1
Uhvxowv dorqj wkhvh olqhv duh zhoo nqrzq lq wkh vwdwlvwlfdo olwhudwxuh rq wkh Yrwhu*v
prgho lq wkh fdvh ]￿ dqg fdq eh irxqg lq Oljjhww +4<;8,/ Vhfwlrq 4 dqg 6/ Fkdswhu
Y ru lq Eudpvrq dqg Jul￿hdwk +4<;3,1 Dv wkh orjlf ri wkh surriv lv lqwhuhvwlqj lq lwv
rzq uljkw/ zh vnhwfk wkh surri lq zkdw iroorzv1
Wkh surfhvv ￿u
| +vkruwhqhg wr ￿| lq zkdw iroorzv, fdq eh vwxglhg lq whupv ri lwv
gxdo surfhvv lq whupv ri frdohvflqj udqgrp zdonv1 Wkh gxdolw| uhodwlrq wudqvirupv
txhvwlrqv derxw ￿| lq txhvwlrqv frqfhuqlqj wkh fduglqdolw| ri wkh frdohvflqj udqgrp
zdon v|vwhp1
Zh ￿uvw vkrz wkdw vxfk gxdolw| fdq eh xvhg/ e| fkhfnlqj wkh frqglwlrqv ri zklfk
lq htxdwlrq1 +716, +s1 48;, lq Oljjhww +4<;8,1 Wr wklv dlp/ qrwh wkdw wkh  ls udwhv iru
wkh surfhvv ￿u
| fdq eh zulwwhq dv=
f+{>￿, @ ￿+{, . s+{>￿,+4 ￿5￿+{,,
@ +4 ￿￿+{,, .+5￿+{,￿ 4,
[
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￿
2￿+|,1 Wkhvh frlqflgh zlwk htxdwlrq1 +716, +s1 48;, lq
Oljjhww +4<;8,/ rqfh zh wdnh f+{, @4 / D @ i|j dqg s+{>D, @ s+{>|, @ ￿
2 li | =n
| ￿{ n@4dqg }hur rwkhuzlvh1
Wkh gxdo surfhvv lv d v|vwhp ri frxqwdeo| pdq| frqwlqxrxv wlph/ v|pphwulf
udqgrp zdonv wkdw mxps diwhu dq h{srqhqwldo phdq04 kroglqj wlph/ zlwk suredelolwlhv
s+{>{ .4 , @ s+{>{ ￿ 4, @ ￿
21 Zkhqhyhu wzr udqgrp zdonv phhw +l1h1 li rqh mxpsv
wr d vlwh wkdw lv douhdg| rffxslhg,/ wkhq wkh| frdohvfh/ l1h1 wkh| phujh lqwr rqh1 Lq
sduwlfxodu/ dq| vxfk udqgrp zdon gh￿qhv d frqwlqxrxv wlph Pdunry fkdlq/ [+w,/ zlwk
wudqvlwlrq suredelolwlhv=
s|+{>|, @ h3|
" [
?’f
w?
q$
sE?￿+{>|, +<,
zkhuh sE?￿+{>|, duh wkh q0vwhs wudqvlwlrq suredelolwlhv dvvrfldwhg zlwk s+{>|,1D q |
v|vwhp ri ￿qlwho| pdq| lqghshqghqw frslhv ri [+w,> zkhuh dq| wzr phujh zkhqhyhu
wkh| phhw/ gh￿qhv d v|vwhp ri ￿qlwho| pdq| frdohvflqj Pdunry fkdlqv ryhu wkh vwdwh
vsdfh ri doo ￿qlwh vxevhwv ri V1
Zh ghqrwh e| D| wkh v|vwhp ri frdohvflqj udqgrp zdonv dw wlph w/w k d wv w d u w h g
dw wlph }hur lq wkh ￿qlwh vxevhw D ￿ V1 Iru dq| vxfk vxevhw D/ ohw=
j|+D, @S u￿^m D| m?m D m iru vrph w ￿ 3‘
zkhuh m￿mghqrwhv wkh fduglqdolw| ri d vhw1 Wklv uhsuhvhqwv d phdvxuh ri krz idu
dsduw wkh vlqjoh surfhvvhv duh1 Fohduo|/ iru dq| w/ j|+D, @3zkhq m D m@4 /d vdv l q j o h
uhfxuuhqw udqgrp zdon lv qhyhu jrlqj wr glh1 Li m D m@5 / j|+D, $|<" 4> phdqlqj
wkdw wzr uhfxuuhqw udqgrp zdonv zloo whqg wr phhw dqg frdohvfh/ dv wlph jurzv/ dqg
srvvleo| rqo| dv|pswrwlfdoo|1 Lq rughu wr vkruwhq dq rwkhuzlvh yhu| orqj surri/ zh
vkdoo krzhyhu dvvxph wkdw j|W+D, @4zkhq m D m@5iru vrph wW ? 41
Ohw D @ i{ 5 V = ￿+{, @4 iru doo { 5 Dj dqg/ iru ￿ ehlqj d suredelolw| phdvxuh
rq i3>4j7/o h w￿+D, @ ￿i￿ = ￿+{, @4iru doo { 5 Dj1 Wkhq wkh gxdolw| htxdwlrq fdq
eh vwdwhg dv iroorzv +vhh htxdwlrq1 41:/ s1 563 lq Oljjhww +4<;8,,=
￿|+D, @ H￿￿+D|, +43,
zkhuh ￿|+D, lv wkh suredelolw| wkdw wkh surfhvv ￿| kdv ￿|+{, @4iru doo { 5 D dqg
H￿￿+D|, lv wkh suredelolw| wkdw m D| m udqgrp zdonv/ vwduwhg dw D/ duh vwloo dolyh dw
wlph w1
59E| xvlqj wklv gxdolw| uhodwlrq/ zh qrz vkrz wkdw/ jlyhq d surgxfw phdvxuh ￿w/
O+￿
>w
| , $ +4 ￿￿,￿f .￿￿￿1
Wr fkdudfwhul}h wkh edvlqv ri dwwudfwlrq ri i￿f>￿￿j/ vxssrvh wkh surfhvv ￿| lv
vwduwhg +vwrfkdvwlfdoo|, zlwk surgxfw phdvxuh ￿w1L i￿ lv wkh ￿uvw wlph wkdw m D| m@4
+zklfk lv ￿qlwh zlwk suredelolw| rqh e| rxu dvvxpswlrq wkdw j|W+D, @4zkhq m D m@5 ,
wkh gxdolw| htxdwlrq +43, lpsolhv wkdw=
olp
|<"
H￿￿+D|, @ H￿^olp
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H￿￿￿+D|,‘
Dsso|lqj wklv djdlq wr D @ i{j zh rewdlq=
olp
|<"
[
+
s|+{>|,￿+i|j, @ ￿ iru doo { 5 V
Exw/ e| sduw +e, ri Wkhruhp 41< lq Oljjhww +4<;8, +s1 564,/ wklv lv d qhfhvvdu|
dqg vx!flhqw frqglwlrq iru O+￿
>w
| , $ +4 ￿ ￿,￿f . ￿￿￿ wr eh wuxh1 Khqfh wkh dvvhuw
iroorzv1
Uhpdun
Wkh vshfl￿fdwlrq ri wkh prgho zh xvh wkurxjkrxw wkh sdshu doorzv iru d frxqwdeoh
vhw ri lqglylgxdov orfdwhg rq d rqh0glphqvlrqdo odwwlfh1 Rqh pd| zrqghu zkhwkhu wkh
uhvxowv duh shfxoldu wr wklv fkdudfwhul}dwlrq/ rwkhu wklqjv ehlqj htxdo1
Prvw ri wkh uhvxowv zrxog dovr krog iru d ￿qlwh +khqfh frxqwdeoh, vhw ri lqglylgxdov1
Lq wklv fdvh wkh g|qdplfv ri wkh xqlqiruphg yrwhu prgho dqg wkdw ri wkh olqhdu yrwhu
prgho zrxog gh￿qh d frqwlqxrxv wlph Pdunry fkdlq ryhu d ￿qlwh vwdwh0vsdfh1 Wkh
dqdorj ri Wkhruhp 4 +dqg lwv Fruroodu|, zrxog krog lq dq| glphqvlrq/ rq wkh jurxqgv
wkdw wkh fkdlq zrxog eh hujrglf +zkhuhdv iru d frxqwdeoh vwdwh0vsdfh/ lw lv nqrzq
wkdw lq d g0glphqvlrqdo vhwwlqj zlwk g ￿ 5 wkh surfhvv pd| dgplw pxowlsoh lqyduldqw
glvwulexwlrqv,1 Dv iru wkh dqdorj ri Wkhruhp 5/ lqghshqghqwo| ri wkh glphqvlrq/ wkh
surfhvv ￿u
| zrxog frqyhujh zlwk suredelolw| rqh wr i￿￿>l5i 3>4jj/ dv wkh fkdlq zrxog
eh devruelqj/ zlwk wkhvh frq￿jxudwlrqv dv wkh rqo| devruelqj vwdwhv1 Dv d uhvxow/
iru dq| jlyhq lqlwldo frqglwlrq/ wkh surfhvv zrxog jhw wudsshg +lq ￿qlwh wlph, lq d
frq￿jxudwlrq wkdw vkrzv frqvhqvxv1 Xqolnh lq wkh fdvh ri d frxqwdeoh srsxodwlrq/
hdfk yrwhu frxog fkdqjh khu ru klv rslqlrq rqo| ￿qlwho| pdq| wlphv1 Zh frqmhfwxuh
wkdw dovr wkh grpdlqv ri dwwudfwlrq ri wkh wzr vwdwlrqdu| phdvxuhv/ ￿f dqg ￿￿/ zrxog
5:eh h{dfwo| wkh vdph1 Krzhyhu/ wkh whfkqltxh xvhg lq wkh surri zh surylgh/ dv zhoo
dv wkdw xvhg wr surri Wkhruhp 6 +Eudpvrq dqg Jul￿hdwk +4<;3,, khdylo| uholhv rq
wkh gxdolw| lq whupv ri frdohvflqj udqgrp zdonv dqg lw lv nqrzq wkdw wkhvh ehkdyh
gl￿huhqwo| iru g ￿ 5 dqg iru gA51 Lq sduwlfxodu/ dv d ￿qlwh v|vwhp zloo eh wudsshg
zlwk suredelolw| rqh/ wkh dqdo|vlv ri wkh foxvwhulqj surfhvv frxog qrw eh fduulhg rxw1
Dq lqwhuhvwlqj txhvwlrq wr dgguhvv lq wklv fdvh lv wkh vwxg| ri wkh zd| devruswlrq wlphv
ydu|/ iru wkh qxpehu ri lqglylgxdov jurzlqj odujh +dv lq Fr{ +4<;<,,1 Lq Fruudgl dqg
Ldqql +4<<;e, zh vwxg| wkh ghwdlov ri wkh foxvwhulqj surfhvv lq d 50glphqvlrqdo prgho
uhodwhg wr wkrvh zh dqdo|}hg lq wklv sdshu1
5;Qrwhv
￿Wkh zruglqj lv e| L1 Fuhvsl/ wkh iruphu suhvlghqw ri wkh Dphulfdq Dvvrfldwlrq iru Sxeolf Rslqlrq
Uhvhdufk1
2Lq Fruudgl dqg Ldqql +4<<;d, zh ixuwkhu lqyhvwljdwh wkh uhodwlrq ehwzhhq wklv foxvwhulqj surfhvv
dqg vwdwlrqdu| fr0h{lvwhqfh ri gl￿huhqw rslqlrqv lq d prgho dqdorj wr wkh rqh zh vwxg| lq wklv sdshu/
iru gl￿huhqw vshfl￿fdwlrqv ri wkh g|qdplfv1
￿Dv zh vkdoo glvfxvv odwhu/ wkh irfxv rq d frxqwdeoh +qrw qhfhvvdulo| ￿qlwh, srsxodwlrq ri lqglylgxdov
lv prwlydwhg e| wkh idfw wkdw zh zdqw wr dqdo|}h h{solflwo| wkh surfhvv ri foxvwhu irupdwlrq1 Wr wklv
dlp/ zh vkdoo dvvxph wkdw wkh vhw ri lqglylgxdov lv orfdwhg rq d rqh glphqvlrqdo odwwlfh1 Frqvlvwhqwo|/
wkh iuhtxhqf| ri rslqlrqv lq wkh srsxodwlrq lv gh￿qhg dv wkh olplw ri lwv qdwxudo uhvwulfwlrq wr d3,c,o/
dv , <" 1 Iru wkh sxusrvhv ri wkh h{srvlwlrq/ zh dvvxph wkdw wklv olplw h{lvwv zkhq ghvfulelqj
wkh surfhvv ri Sulydwh Rslqlrq Irupdwlrq1 Dv lw zloo ehfrph fohdu/ vxfk dvvxpswlrq zloo eh wulyldoo|
vdwlv￿hg e| rxu surfhvv ri Sxeolf Rslqlrq Irupdwlrq/ dv lqwhudfwlrqv zloo rqo| kdyh ￿qlwh udqjh1
eUlnhu dqg Rughuvkrrn +4<9;, hvwlpdwhg vxfk suredelolw| iru wkh XVD dv ehlqj ￿f
3H￿
DDq lqwhuhvwlqj sklorvrsklfdo glvfxvvlrq ri udwlrqdo yrwlqj ghflvlrqv lv surylghg lq Phhko +4<::,1
SWklv dvvxpswlrq lv rqo| lqwurgxfhg iru whfkqlfdo frqyhqlhqfh1 Lw lv frqvlvwhqw zlwk wkh lghd ri
v|pphwulf +htxloleulxp, ehkdylrxu/ rq wkh sduw ri wkh wzr fdqglgdwhv/ li vlgh0sd|phqwv zkhuh ghflghg
vwudwhjlfdoo|1 Dv zh irupdoo| vkrz lq Fruudgl dqg Ldqql +4<<;d,/ wkh g|qdplfv ri wkh sxeolf rslqlrq
surfhvv lq wkh fdvh zkhuh wkh vlgh0sd|phqwv duh dv|pphwulf duh idu ohvv duwlfxodwh wkdq rwkhuzlvh1
.Pruh suhflvho|/ lw ydulhv xsshu khplfrqwlqxrxvo| zlwk j lq wkh zhdn frqyhujhqfh wrsrorj|1
HWkh uhvxow lv dfwxdoo| wuxh iru dq| q0irog pl{lqj phdvxuh dv gh￿qhg lq Eudpvrq dqg Jul￿hdwk
+4<;3,1
bLq Hoolvrq +4<<6, wkh dxwkru vwxglhv wkh udwhv ri frqyhujhqfh ri ehvw0uhso| g|qdplfv iru dq
xqghuo|lqj frruglqdwlrq jdph/ uhshdwhgo| sod|hg e| frxsohv ri sod|huv gudzq dw udqgrp iurp d
￿qlwh srsxodwlrq1 Rxu prgho gl￿huv iurp wkh flwhg sdshu lq d qxpehu ri uhvshfwv1 Iluvw/ wkh
vshfl￿fdwlrq ri wkh g|qdplfv wkdw Hoolvrq +4<<6, vwxglhv lv shuwxuehg e| plvwdnhv +wkdw wdnh wkh
irup ri d elqrpldo glvwulexwlrq wkdw dvvljqv vpdoo/ wkrxjk vwulfwo| srvlwlyh/ suredelolw|/ xqfruuhodwhg
dfurvv sod|huv dqg ryhu wlph/ wr dfwlrqv wkdw duh qrw ehvw0uhsolhv wr wkh fxuuhqw frq￿jxudwlrq ri sod|,1
Wklv lv vxevwdqwldoo| gl￿huhqw iurp wkh zd| zh prgho wkh lqglylgxdo surfhvv ri rslqlrq irupdwlrq
+wkdw lq wkh vshfl￿fdwlrq lq whupv ri xqlqiruphg yrwhuv frxog eh prwlydwhg lq whupv ri plvwdnhv wkdw
gr ghshqg rq h{shfwhg sd|r￿v,1 Vhfrqg/ wkh g|qdplfv ri Hoolvrq*v +4<<6, duh gh￿qhg ryhu d ￿qlwh
vwdwh0vsdfh dqg prghohg dv ￿qlwh/ glvfuhwh wlph/ uhjxodu Pdunry fkdlqv/ zkhuhdv rxu g|qdplfv gh￿qh
d Pdunryldq surfhvv ryhu d frxqwdeoh vwdwh0vsdfh/ wkdw lv hujrglf li yrwhuv duh cxqlqiruphg*/ exw lv
sdwk0ghshqghqw li yrwhuv duh colqhdu*1 Odvwo|/ wkh flwhg sdshu frpsduhv wkh vshhg ri frqyhujhqfh ri
5<wudqvlwlrq suredelolwlhv wr wkhlu olplw ydoxhv/ lq d prgho zlwk orfdo lqwhudfwlrq dqg lq dq +dqdorj,
prgho zlwk joredo lqwhudfwlrq1 Doo vshfl￿fdwlrqv ri rxu prgho uho| rq d orfdo fkdudfwhul}dwlrq ri wkh
zd| lq zklfk lqwhudfwlrq wdnhv sodfh1
￿fRi frxuvh wkh txdolw| ri wkh dssur{lpdwlrq lpsuryhv zlwk |1
￿￿Krzhyhu/ frqvlghudwlrqv ri wklv vruw uhtxluh dq h{solflw frqvlghudwlrq ri wkh vwudwhjlf lqwhudfwlrq
ehwzhhq wkh wzr fdqglgdwhv/ zklfk dw suhvhqw lv qrw sduw ri wkh prgho1
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